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i What is Interpolation ?

Given (Xo,Yo), (X1,¥1)s - (Xn:Yn), find the
value of ‘y’ at a value of ‘X’ that Iis not given.
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Interpolants

Polynomials are the most common
choice of interpolants because they
are easy to:

mEvaluate
m Differentiate, and
m Integrate.



Why Splines ?

f () =

2
1+ 25X
Table : Six equidistantly spaced points in [-1, 1]
y = 1
X 1+ 25x2
Exact funetion
-1.0 0.038461
Sth order polynomial
-0.6 0.1
-0.2 0.5
0.2 0.5
-1™—75 -0.5 -0.25 0.26 0.5 0.7 1
0.6 0.1 -0.2
10 0.038461 Figure : 5™" order polynomial vs. exact function




Why Splines ?

------- 19th Order Polynomial

f(x) - - - . 5th Order Polynomial

Figure : Higher order polynomial interpolation is a bad idea




Linear Interpolation

Given (Xy, Yo ) (X0, ¥y )reveees (X, 10 Yoy KX, 0 Y, ), fit lingar splines to the data. This simply involves
forming the consecutive data through straight lines. So if the above data is given inanascending
order, the linear splines are given by (y, = f (x,))

Figure : Linear splines
(X353
(X091 )

(X505 )

(Xg.¥a )




Linear Interpolation (contd)

f (Xl) T f(xo)

0

f(x)=f(x,)+ (X—X,), Xo S XX,

f (Xz) —f (Xl)
X, =X

= f(x)+ (X —X%,), X, $X <X,

f (Xn) — f (anl)

n-1

= f(x,1) +

(X_ Xn—l)i Xn—l XS Xn

Note the terms of
f(x)—f(x)

Xi - Xifl

in the above function are simply slopes between x., and x..



Example

The upward velocity of a rocket is given as a
function of time in Table 1. Find the velocity at
t=16 seconds using linear splines.

t v(t) vl |
S m/s (refs) (30, 901 677
7501
0 0
10 29704 - (20, 51735), Y225, 602.97)
(15, 362.78)
15 362.78 *
250 .
20 517.35 (10, 227.04)
22.5 602.97 : r T . r .
(0.0 05 10 15 20 25 r ()
30 901.67

Figure : Velocity vs. time data

Table : Velocit
able : Velocity as a for the rocket example

function of time



Linear Interpolation

t, =15, v(t,) =362.78 o
t, =20, v(t,) =517.35
v(t,) —v(t,) 0
v(t) = v(ty)+ 1t " = (t-t,) ..
100 YY)
f(range) 450
517.35 - 362.78 Dol
= 362.78 + t-15
2015 (E=19) 5
v(t) = 362.78 + 30.913(t — 15) =1
At 1 =16, 36278, 35, I ' ' '
10 12 14 16 18
v(16) = 362.78 +30.913(16 —15) x,~10 X5, TaNGE, X gesired

=393.7 mis
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Quadratic Interpolation

Given (Xy, Yo (X0, ¥y heveeens (X,_10 ¥o o h(X, 1y, ), fit quadratic splines through the data. The splines

are given by
f(x)=a,x* +bx+c,,

=a,Xx’ +h,x+c,,

2
=a X" +b x+c,,

Find a,, b, c, I

¥

Ix?!’.]}?él
XO <x< Xl Ax2+bxx+cx
Xl <x< X2 .' (X1 Pa1!
ax +Bx+e ) ;&3%}
I l 0 f"/
T (Ea)
a,x% +hx+e,
frg Vol
X SX<X
1=1,2,...,n



Quadratic Interpolation (contd)

Each quadratic spline goes through two consecutive data points

a,x,” +b,x, +¢, = f(x,) ,

a,x,” +bx, +c¢, = f(x)

axX., +hx, +¢="f(x,)

ax’ +bx +c, = f(x)

ax . +bx ,+c =f(x_)

n“n-1 n“*n-1
2
a x, +bx +c =f(X,)

This condition gives 2n equations
11

Ix?é’y?él

2
Ax +hx+e,

. YR P!

ax +Bx+e

{Taa

LA

(e

T

a,x% +hx+e,

g Mo




12

i Quadratic Splines (contd)

The first derivatives of two quadratic splines are continuous at the interior points.

For example, the derivative of the first spline

ax’+bx+c, is 2ax+b,
The derivative of the second spline

a, X’ +b,x+c,is  2a,x+b,
and the two are equal at x = X, giving

2a X, +b, =2a,x +b,

2a,X,+b —2a,x,—b, =0

¥

Ixi’!’yﬁl

/—_;fope =Za,x+h,

* X Pe!

Slope = 2a,x+ B *
{FaaFa

e

fad
i T

Slope = 2a,x + by

{Tz 2

o)




Quadratic Splines (contd)

Similarly at the other interior points, ry
Ix?!? y?! !
/__;fope =2a,x+h,
. * (X1 Pa1!
Slope = 2 *
et h g oad
zaixi +bi _Zai+1xi _bi+1 =0 l el
T (e
Slope = 2a,x + &,

it o)

2an—1Xn—1 + bn—1 o 2a'n Xna — bn =0
We have (n-1) such equations. The total number of equationsis (2n)+(n—-1) =(3n-1).
We can assume that the first spline is linear, thatis a, =0

13
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Quadratic Splines (contd)

This gives us “3n’ equations and “‘3n’ unknowns. Once we find the “‘3n’ constants,

we can find the function at any value of “x’ using the splines,

¥

f(x)=a,x* +bx+c,, X, < X< X 7

=a,x* +h,x+c,, X, <X <X, F R

YR P!

ax +Bx+e

{Taa

LA

(e

T

a,x% +hx+e,

=a x*+b x+c,, X, SX<X, o)




Example

The upward velocity of a rocket is given as a
function of time in Table 1. Find the velocity at
t=16 seconds using quadratic splines.

t v(t) vl |
S m/s (refs) (30, 901 677
7501
0 0
10 29704 - (20, 51735), Y225, 602.97)
(15, 362.78)
15 362.78 *
250 .
20 517.35 (10, 227.04)
22.5 602.97 : r T . r .
(0.0 05 10 15 20 25 r ()
30 901.67

Figure : Velocity vs. time data

Table : Velocit
able : Velocity as a for the rocket example

function of time



Solution

Since there are six data points, five quadratic *# |

: (5] &7
splines pass through them. . Soetatl
_ 2
v(t)=a;t“ +bt+c, 0<t<10 " 51739, 25297
=a,t* +b,t+c,, 10<t <15 (15, 362.78),
250

*
(10, 227.04)

=a,t’ +bit+c,, 15<t<20

—at?+bt+c,, 20<t<225 @5 10 15 W B ce

=a.t’ +bt+c,, 225<t<30

16
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Solution (contd)

Setting up the equations

1. Eachquadratic spline passes through two consecutive data points giving

a,t> +bt+c, passesthrought=0and t= 10,

Similarly,

a,(0)* +b,(0)+c, =0

a,(10)* +b,(10) + ¢, = 227.04

a, (10)? +D, (10) +c, = 227.04
a,(15)% +h, (15) +c, = 362.78
a,(15)2 +b, (15) + ¢, =362.78
a,(20)* +b,(20) + ¢, =517.35
a,(20)* +b, (20) +c, =517.35
a,(22.5)2 +D, (22.5) + ¢, = 602.97
a,(22.5)% +b, (22.5) + ¢, = 602.97

a, (30)? + b, (30) + ¢, =901.67

1)
(2)

3)
4)
()
(6)
(7)
(8)
©)
(10)



Solution (contd)

Quadratic splines have continuous derivatives at the interior data points
At t=10
2a, (10)+b, —2a,(10) —b, =0 (11)

vzl

(mds) (30, 901 £7)
At t=15 7507
2a,(15)+b, —2a,(15) -b, =0 (12) - (20, 517.35), *(22.5, 602.97)
At t=20 (15, 362.78),

2a,(20) +b, —2a,(20)—b, =0 13)  BY e
At t=225
2a,(22.5)+b, —2a.(22.5)-b, =0 (14)

(0,0) 05 110 15 0 25 s

And assuming the first spline a,t* + bt +c, is linear,
a, =0 (15)

18



227.04

227.04

362.78

362.78

517.35

517.35

602.97

901.67

o O O O O

by

G

a,

C,

as

b, |=|602.97

Cs

Solution (contd)

0
0
0

0

0
0 0 100 10 1

100 10 1

0
0

0
0
0 0 225 15 1

0
0

0 0 225 15 1

0| b,

0
0
0

0

0
0

400
0 0 506.25 225 1

0

0
0

0 0 400 20 1

20

0

0

0

0 506.25 225 1

0

1

30

900

0
0
0
0
0

-1
1
0
0

0
0

0
1 —-30
0 0 40

0

0

-1

-20
30
0
0
0

1 0
0 0
0
0
0

20
0
0
0
1

19
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Solution (contd)

Solving the above 15 equations gives the 15 unknowns as

i a, b, C.

1 0 22.704 0

2 0.8888 | 4.928 | 88.88
3 -0.1356 | 35.66 |-141.61
4 1.6048 | -33.956 | 554.55
5 0.20889 | 28.86 |-152.13




Solution (contd)

Therefore, the splines are given by
v(t) = 22.704t,

=0.8888t* +4.928t + 88.88,
= —0.1356t* +35.66t —141.61,
=1.6048t* —33.956t + 554.55,

=0.20889t° +28.86t —152.13,
Att=16

v(16) = —0.1356(16)? + 35.66(16) —141.61 = 394.24 m/sy,00sn °L

20<t<225
22.5<1<30

The absolute relative approximate error, |e,| is

394.24-393.7
|€a|:| 394.24 |X100

= 0.1369%

21

y|+005h

y
[ N N J
f quadratic(range)

f quadrati((x desired)

++

1200

1000

800

600

400

200

1 1 1 1 1 1 1
0 5 10 15 20 25 30

X, range, X desired
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Distance from Velocity Profile

Find the distance covered by the rocket from t=11s to

t=16s .
5(16) —s(11) = j v(t)dt

But since the splines are valid over different ranges, we need to break the integral

accordingly as

v(t) = 0.8888t° +4.928t + 88.88, 10<t<15
=—0.1356t° +35.66t —141.61, 15<t<20

lfv(t)dt — lfv(t)dt 4 1fv(t)olt

15 16
S(16) —s(L1) = [ (0.8888t" +4.928t +88.88)dt + [ (-0.1356t" + 35.66t —141.61)dt
11 15

=1595.9 m
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i Acceleration from Velocity Profile

Find the acceleration of the rocket at t=16s.
d
a(le) = —v(t
(16) ™ (t)

t=16

The quadratic spline valid at t=16 is given by

v(t) = —0.1356t% + 35.66t —141.61, 15<t < 20

a(t) = iv(t) _d (—0.1356t° + 35.66t —141.61)
dt dt
a(t) = —0.2712t + 35.66 15<t<20

a(16) = —0.2712(16) + 35.66
—31.321 m/s®



