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i What is Interpolation ?

Given (XOIYO)I (X]_IYI)I ------ (XnIYI’])I find the
value of 'y’ at a value of ‘X’ that is not given.
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Interpolants

Polynomials are the most common
choice of interpolants because they
are easy to:

mEvaluate
m Differentiate, and
m Integrate.



Why Splines ?

J ) =105

Table : Six equidistantly spaced points in [-1, 1]
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1.0 0.038461 Figure : 5™ order polynomial vs. exact function




Why Splines ?
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Figure : Higher order polynomial interpolation is a bad idea



Linear Interpolation

Given (x0 s Vo ), (x1 V) ), ...... ,(xn_l sV, )(xn V, ), fit linear splines to the data. This simply involves
forming the consecutive data through straight lines. So if the above data is given in an ascending
order, the linear splines are given by (yl. = f(x ))

Figure : Linear splines
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i Linear Interpolation (contd)

f(x)zf(xo)+f(XI)_f(XO)(x_xo)a Xy SXS X
X —X,
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- (x—x,,), x, , <x<x,

xn—l

Note the terms of

JSx) = f(x)

X =X

in the above function are simply slopes between x,, and x,.



Example

We are given the temperature vs. depth plot for a lake.
Determine the value of the temperature at z = -7.5
using the Linear Spline Interpolation method.
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Temperature vs. depth of a lake



Linear Interpolation

T(z,)=11.7

z, =—38,

T(z,)=17.6

z, =—1,

T(z))-T(z,y)

Z1 72

I(z)=T(z,)+ (z—2,)

17.6-11.7

=11.7+ (z+38)

T(z)=11.7+5.9(z +8)
At z=-7.5,
T(-7.5)=11.7+5.9(-7.5+8)
=14.65°C
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Quadratic Interpolation

Given (xo » Vo ), (x1 V) ), ...... , (xn_1 Vo ), (xn V, ), fit quadratic splines through the data. The splines

are given by (%, V!
2
fx)=ax’ +bx+c,, x, <x<x, sz%“a
2 * 1 ]
=a,x” +b,x+c,, x, <x<x, R
ax +Bx+e ) ;&3%)
I l iy ] ﬁ//
T ()
a,x% +hx+e,
2 g ¥a.d
=a,x" +bx+c,, X, Sx<x,

Find a,,b,,c,,i=1,2,...,n



Quadratic Interpolation (contd)

Each quadratic spline goes through two consecutive data points

2
a,x, +bx,+c, = f(xo)

2
ax;” +bx +c, = f(x)

a. x.

i7vi-1

2
+bx, +¢; = f(x)

2
ax; +bixi +cC, = f(xi)

2
a X

n""n-1

+bn'xn71 +Cn = f(xnfl)
2
anxn +bnxn +Cn =f(xn)

This condition gives 2n equations

ax +Bx+e

{Taa

LA
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a,x% +hx+e,
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Quadratic Splines (contd)

The first derivatives of two quadratic splines are continuous at the interior points.

For example, the derivative of the first spline

ax’+bx+c, is 2ax+b,

Ixi’!’yﬁl

The derivative of the second spline
= Slope =Za,x +5&,
a,x> +b,x+c, is 2a,x +b,

* X Pe!

and the two are equal at x = x, giving _
Slope = 2a,x+ B -
32¥3

e

ol
i T

Slope = 2a,x + by

2a,x, +b, =2a,x, + b,

{Tz 2

2ax,+b —-2a,x,—b, =0

o)




Quadratic Splines (contd)

Similarly at the other interior points, Yy
Ix?!’ y?! |
2a,x, +b, —2a,x, —b, =0
/—_;fope =2a,x+h,
. b P!
Sope = 2 ’
weI R )

2a,x, +b, —2a, ,x,-b,,, =0 l )

T (%202}
Slope = 2a,x + &,

{0 o

2a, \x, ,+b _,—2a,x, ,—-b =0
We have (n-1) such equations. The total number of equations is (2n)+(n—1)=Gn-1).
We can assume that the first spline is linear, thatis a, =0

13
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Quadratic Splines (contd)

This gives us ‘3n’ equations and ‘3n” unknowns. Once we find the ‘3n’ constants,

we can find the function at any value of ‘x’ using the splines,

. 2
f(x)=ax" +bx+c, X, Sx<x (%0, )
— 2 _|_b 4 < < —a,x b x+e,
=a,x ,X+c¢,, x, <x<x,
oA !

ax +Bx+e

{Taa

LA

(e

T

a,x% +hx+e,

2
=a,x +bx+c,, X,  Sx<Xx, e g




Example

We are given the temperature vs. depth plot for a lake.
Determine the value of the temperature at z = -7.5
using the quadratic spline interpolation method

Temperature Depth
°C m 0
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19.1

19

18.8
18.7
18.3
18.2
17.6
11.7
9.9

9.1

0 5 10 15 20 25

) 4
L 4
4
L 4
*
4
4

*

Depth (m)
(o]

-10 4

12y
Temp (C°)

o ©dudhhoddio
.

1
—
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Solution

Since there are eleven data points,
ten quadratic splines pass through them.

T(z)=a,z> +bz+c,, ~10<z<-9 . 0 ° 10 19 20 25
> >
) .
=a,z" +b,z+c,, -9<z<-8 2 .
.
= 2 P '4’ ’
=a,z" +b,z + ¢y, —-8<z<-7 E .
£ 6 .
=a,z’ +b,z+c,, -7<z<-6 g 5 . .
) .
=asz" +b,z+cs, —6<z<-5 10 - .
12
=a,z’ +b,z+c,, -5<z<-4 /
Temp (C°)
_ 2
=a,z" +b,z+c,, —4<z<-3
_ 2
=a.z" +byz +cy, —-3<z<-2
_ 2
=ayz" +byz+cy, —-2<z<-1
_ 2
=a,,z" +b,z+cy, -1<z<0




Solution (contd)

Setting up the equations

Each quadratic spline passes through two consecutive data points giving

a,z’ + b,z +c, passes through z=-10and z = -9,

a,(=10)* +b,(-10)+¢, =9.1 (1)

Similacly, a,(-9)* +b,(-9)+¢, =9.9 (2)
a, (=9 +b,(=9)+c, =9.9 3)
a,(-8)> +b,(-8)+c, =11.7 (€))
a,(-8) +b,(=8)+c, =11.7 (5)
a,(=7)> +b,(=7)+c, =17.6 (6)
a,(=7)> +b,(=7)+c, =17.6 (7)
a,(-6)> +b,(-6)+c, =18.2 ()
a,(=6)> + b, (=6)+c, =18.2 (9)

a,(=5)> +b,(-5)+c, =18.3 (10)
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Solution (contd)

a,(=5)° +b,(-5)+c, =18.3
a,(—4)> +b (—4)+c, =18.7
a,(—4)> +b,(—4) +c, =18.7
a,(-3)* +b,(-3)+c, =18.8
ay(=3)* +by(-3)+c, =18.8
a,(-2)* + b, (-2) +c, =19
a,(=2)* +by(-2)+c, =19
a,(—=1)* +by(-1)+c, =19.1
a,,(=1)° +b,,(-1)+¢,, =19.1

a,,(0)* +b,,(0)+¢,, =19.1

(1)
(12)
(13)
(14)
(15)
(16)
(17)
(18)
(19)
(20)



Solution (contd)

Quadratic splines have continuous derivatives at the interior data points
At z=-9 2a,(-9)+b, - 2a,(-9)-b, =0 (21)
At z=-8 2a,(-8)+b, —2a,(-8)—-b, =0 (22)
At z=-7 2a,(-7)+b; —2a,(-7)-b, =0 (23)
At z=-6 2a,(-6)+b, —2a,(-6)—b, =0 (24)
At z=-5 2a,(=5)+ b, —2a,(-5)-b, =0 (25)
At z=-4 2a,(-4)+b, —2a,(-4)-b, =0 (26)
At z=-3 2a,(-3)+b, —2a,(-3)—b, =0 (27)
At z=-2 2a4,(=2)+ by —2a,(-2)—b, =0 (28)
At z=-1 2a,(-1)+by - 2a,,(-1)-b,, =0 (29)

Assuming the first spline a,z” + b,z + ¢, is linear,

a, =0 (30)



Solution (contd)
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Solution (contd)

Solving the above 30 equations gives the 30 unknowns as

i a, b, c

1 0 0.8 17.1
2 1 18.8 98.1
3 3.1 52.4 232.5
4 -8.4 -108.6 -331
5 7.9 87 255.8
6 21.55 | 2235 | 623.55
7 785.15 | 6332.3 | 12445
8 -1621.2 | -8105.8 | -9707.8
9 1621.1 | 4863.4 | 3261.4
10 -1621.2 | -1621.2 | 19.1




Solution (contd)

Therefore, the splines are given by

T(z)=0.8z+17.1, -10<z<-9
=2z>+18.82+98.1, ~-9<z<-8
=3.1z% +52.4z +232.5, —8<z<-7
= 8.4z —108.6z — 331, ~7<z<-6
=7.9z" +87z+255.8, ~6<z<-5 i:n:a
= 21,5522 +223.52+623.55, —5<z<-4 5!
=785.152% + 633232 +12445, —4<z<-3
=-1621.2z* —8105.82-9707.8, —-3<z<-2 .

=1621.1z° +4863.4z+3261.4, —-2<z<-1

=-1621.2z> —1621.2z+19.1, -1<z<0
22

-8 =75 -7
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Solution (contd)

Atz=-7.5
T(-7.5) =3.1(-7.5)" +52.4(=7.5)+ 232.5
=13.875°C

obtained

The absolute relative approximate error |€

between the results from the linear and quadratic splines 1s

13.875—-14.65
13.875

x 100

a

=5.5856%



