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Integration

Topic: Romberg Rule

Major: Civil Engineering
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Basis of Romberg Rule
Integration
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The process of measuring 
the area under a curve.

Where: 

f(x) is the integrand

a= lower limit of integration
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What is The Romberg Rule?

Romberg Integration is an extrapolation formula of 
the Trapezoidal Rule for integration.  It provides a 
better approximation of the integral by reducing the 
True Error.
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Error in Multiple Segment  
Trapezoidal Rule

The true error in a multiple segment Trapezoidal

Rule with n segments for an integral

Is given by
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Error in Multiple Segment  
Trapezoidal Rule

The term                   can be viewed as an ( )
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Error in Multiple Segment  
Trapezoidal Rule

Table 1 shows the results 
obtained for the integral 
using multiple segment 
Trapezoidal rule for

Table 1: Multiple Segment Trapezoidal Rule Values

%t∈ %a∈

0.00290000.0095000-18.1071901508

0.00450000.012400-23.6361901607

0.00740000.016900-32.1421901706

0.0136000.024300-46.2161901805

0.0291000.037900-72.0171902004

0.081400.067000-127.311902603

0.406500.14840-282.121904202

---0.55555-1056.171911901
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Error in Multiple Segment  
Trapezoidal Rule

The true error gets approximately  quartered as 
the number of segments is doubled.  This 
information is used to get a better approximation 
of the integral, and is the basis of Richardson’s 
extrapolation.
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Richardson’s Extrapolation for 
Trapezoidal Rule

The true error,     in the n-segment Trapezoidal rule 
is estimated as   

tE
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CEt ≅

where C is an approximate constant of 
proportionality.  Since

nt ITVE −=

Where TV = true value and      = approx. valuenI
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Richardson’s Extrapolation for 
Trapezoidal Rule

From the previous development, it can be shown 
that
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when the segment size is doubled and that 
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which is Richardson’s Extrapolation.
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Example 1
In an attempt to understand the mechanism of the 
depolarization process in a fuel cell, an electro-kinetic model for 
mixed oxygen-methanol current on platinum was developed in 
the laboratory at FAMU.  A very simplified model of the reaction
developed suggests a functional relation in an integral form.  To 
find the time required for 50% of the oxygen to be consumed, 
the time, T (s) is given by
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a) Use Richardson’s rule to find the time required for 50% of the oxygen to 
be consumed. Use the 2-segment and 4-segment Trapezoidal rule 
results given in Table 1.

b) Find the true error,      for part (a).
c) Find the absolute relative true error,      for part (a).aε

tE
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Solution

a)  

Using Richardson’s extrapolation formula 
for Trapezoidal rule

sI 1904202 = sI 1902004 =

3
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Solution (cont.)

b) The exact value of the above integral is 

Hence
ValueeApproximatValueTrueEt −=
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Solution (cont.)

.

c) The absolute relative true error t∈ would then be 

Table 2 shows the Richardson’s extrapolation 
results using 1, 2, 4, 8 segments.  Results are 
compared with those of Trapezoidal rule.

100
Value True
Error True

×=∈t 100
1090135.1

0000.5
5 ×

×
= %0026297.0=
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.

Solution (cont.)
Table 2: The values obtained using Richardson’s 
extrapolation formula for Trapezoidal rule for

Table 2: Richardson’s Extrapolation Values
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t∈t∈

--
0.014726
0.0042080
0.0010519

--
190163
190127
190133

0.55555
0.14840
0.037900
0.0095000

191190
190420
190200
190150

1
2
4
8

for Richardson’s 
Extrapolation

Richardson’s 
Extrapolation

for Trapezoidal 
Rule

Trapezoidal 
Rule

n
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Romberg Integration
Romberg integration is same as Richardson’s 
extrapolation formula as given previously.  However, 
Romberg used a recursive algorithm for the 
extrapolation.  Recall 
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Note that the variable TV is replaced by           as the 
value obtained using Richardson’s extrapolation formula.  
Note also that the sign     is replaced by = sign.

( )RnI 2

≅

Romberg Integration

Hence the estimate of the true value now is

( ) 4
2 ChITV Rn +≅

Where Ch4 is an approximation of the true error. 
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Romberg Integration

Determine another integral value with further halving 
the step size (doubling the number of segments),
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It follows from the two previous expressions 
that the true value TV can be written as
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Romberg Integration
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The index k represents the order of extrapolation. 
k=1 represents the values obtained from the regular 
Trapezoidal rule, k=2 represents values obtained using the 
true estimate as O(h2). The index j represents the more and 
less accurate estimate of the integral. 

A general expression for Romberg integration can be 
written as 
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Example 2

In an attempt to understand the mechanism of the depolarization process in a fuel 
cell, an electro-kinetic model for mixed oxygen-methanol current on platinum 
was developed in the laboratory at FAMU. 
A very simplified model of the reaction developed suggests a functional relation 
in an integral form.  To find the time required for 50% of the oxygen to be 
consumed, the time, T (s) is given by
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Use Romberg’s rule to find the time required for 50% of the oxygen to be consumed.  
Use the 1, 2, 4, and 8-segment Trapezoidal rule results as given in the Table 1.
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Solution
From Table 1, the needed values from original 
Trapezoidal rule are

where the above four values correspond to using 1, 2, 
4 and 8 segment Trapezoidal rule, respectively.  

sI 1911901,1 = sI 1904202,1 =

sI 1902003,1 = sI 1901504,1 =
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Solution (cont.)

To get the first order extrapolation values,
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Solution (cont.)

For the second order extrapolation values,

Similarly,
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Solution (cont.)

For the third order extrapolation values,

Table 3 shows these increased correct values in a tree 
graph. 
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Solution (cont.)

Table 3: Improved estimates of the integral value using Romberg Integration

1-segment

2-segment

4-segment

8-segment

191190

190420

190200

190150

190163

190127

190133

190125

190133

190134

1st Order 2nd Order 3rd Order


