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Chapter 08.03  
Runge-Kutta 2nd Order Method for  
Ordinary Differential Equations 
 
 
 
 
 

 
After reading this chapter, you should be able to: 

1. 

 

understand the Runge-Kutta 2nd order method for ordinary differential equations and 
how to use it to solve problems. 

What is the Runge-Kutta 2nd order method? 
The Runge-Kutta 2nd order method is a numerical technique used to solve an ordinary 
differential equation of the form 

 ( ) ( ) 00,, yyyxf
dx
dy

==  

Only first order ordinary differential equations can be solved by using the Runge-Kutta 2nd 
order method.  In other sections, we will discuss how the Euler and Runge-Kutta methods are 
used to solve higher order ordinary differential equations or coupled (simultaneous) 
differential equations. 
How does one write a first order differential equation in the above form? 
 
Example 1  
Rewrite 

 ( ) 50,3.12 ==+ − yey
dx
dy x  

in 

 0)0(  ),,( yyyxf
dx
dy

==  form. 

 
Solution 

 ( ) 50,3.12 ==+ − yey
dx
dy x  

 ( ) 50,23.1 =−= − yye
dx
dy x  

In this case 
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 ( ) yeyxf x 23.1, −= −  
Example 2 
Rewrite 

 ( ) 50  ),3sin(222 ==+ yxyx
dx
dye y  

in  

0)0(  ),,( yyyxf
dx
dy

==  form. 

 
Solution 

 ( ) 50  ),3sin(222 ==+ yxyx
dx
dye y  

 ( ) 50  ,)3sin(2 22

=
−

= y
e

yxx
dx
dy

y  

In this case 

 ( ) ye
yxxyxf

22)3sin(2, −
=  

 
Runge-Kutta 2nd order method 
Euler’s method is given by 
 ( )hyxfyy iiii ,1 +=+                                         (1) 
where 
 00 =x  
 )( 00 xyy =  
 ii xxh −= +1  
To understand the Runge-Kutta 2nd order method, we need to derive Euler’s method from 
the Taylor series. 
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    ( ) ( ) ( ) ...),(''
!3

1),('
!2

1),( 3
1

2
11 +−+−+−+= +++ iiiiiiiiiiiii xxyxfxxyxfxxyxfy  (2) 

As you can see the first two terms of the Taylor series 
 ( )hyxfyy iiii ,1 +=+  
are Euler’s method and hence can be considered to be the Runge-Kutta 1st order method. 
The true error in the approximation is given by 

 ( ) ( )
...

!3
,

!2
, 32 +

′′
+

′
= hyxfhyxfE iiii

t                                                                           (3) 

So what would a 2nd order method formula look like.  It would include one more term of the 
Taylor series as follows. 
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 ( ) ( ) 2
1 ,

!2
1, hyxfhyxfyy iiiiii ′++=+                                         (4) 

Let us take a generic example of a first order ordinary differential equation 

 ( ) 50,32 =−= − yye
dx
dy x   

 ( ) yeyxf x 3, 2 −= −  
Now since y is a function of x, 

 ( ) ( ) ( )
dx
dy

y
yxf

x
yxfyxf

∂
∂

+
∂

∂
=′ ,,,                                                                                  (5) 

  ( ) ( )[ ]( )yeye
y

ye
x

xxx 333 222 −−
∂
∂

+−
∂
∂

= −−−  

  ( )yee xx 3)3(2 22 −−+−= −−  
  ye x 95 2 +−= −  
The 2nd order formula for the above example would be 

 ( ) ( ) 2
1 ,

!2
1, hyxfhyxfyy iiiiii ′++=+  

 ( ) ( ) 222 95
!2

13 hyehyey i
x

i
x

i
ii +−+−+= −−  

However, we already see the difficulty of having to find ( )yxf ,′  in the above method.  What 
Runge and Kutta did was write the 2nd order method as 
 ( )hkakayy ii 22111 ++=+                                        (6) 
where 
 ( )ii yxfk ,1 =  
 ( )hkqyhpxfk ii 11112 , ++=                                (7) 
This form allows one to take advantage of the 2nd order method without having to 
calculate ( )yxf ,′ . 
 So how do we find the unknowns 1a , 2a , 1p  and 11q . Without proof (see Appendix 
for proof), equating Equation (4) and (6) , gives three equations. 
 121 =+ aa  

 
2
1

12 =pa  

 
2
1

112 =qa  

Since we have 3 equations and 4 unknowns, we can assume the value of one of the 
unknowns.  The other three will then be determined from the three equations.  Generally the 
value of 2a  is chosen to evaluate the other three constants.  The three values generally used 

for 2a  are 
2
1 , 1 and 

3
2 , and are known as Heun’s Method, the midpoint method and 

Ralston’s method, respectively. 
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Heun’s Method 

Here 
2
1

2 =a  is chosen, giving 

 
2
1

1 =a  

 11 =p  
 111 =q  
resulting in 

 hkkyy ii 





 ++=+ 211 2

1
2
1                                                                                            (8) 

where 
 ( )ii yxfk ,1 =                                                                                                              (9a) 
 ( )hkyhxfk ii 12 , ++=                                                                                             (9b) 
This method is graphically explained in Figure 1. 
 

 
Figure 1  Runge-Kutta 2nd order method  (Heun’s method). 

 
Midpoint Method 
Here 12 =a  is chosen, giving 
 01 =a  

 
2
1

1 =p  

 
2
1

11 =q  

resulting in 
 hkyy ii 21 +=+                                                                                                           (10) 
where 

xi xi+1 
x 

y 

  1+iy   predicted 

 yi 

( )ii yxfSlope ,=  

( )hkyhxfSlope ii 1, ++=  

( ) ( )[ ]iiii yxfhkyhxfSlopeAverage ,,
2
1 1 +++=  
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 ( )ii yxfk ,1 =                                                                                                            (11a) 

 





 ++= hkyhxfk ii 12 2

1,
2
1                                                                                     (11b) 

Ralston’s Method 

Here 
3
2

2 =a  is chosen, giving 

 
3
1

1 =a  

 
4
3

1 =p  

 
4
3

11 =q  

resulting in 

 hkkyy ii 





 ++=+ 211 3

2
3
1                                                                                        (12) 

where 
 ( )ii yxfk ,1 =                                                                                                            (13a) 

 





 ++= hkyhxfk ii 12 4

3,
4
3                                                                                     (13b) 

 
Example 3 
A polluted lake has an initial concentration of a bacteria of 37 parts/m 10 , while the 
acceptable level is only 36 parts/m105× .  The concentration of the bacteria will reduce as 
fresh water enters the lake.  The differential equation that governs the concentration C  of the 
pollutant as a function of time (in weeks) is given by 

710)0(,006.0 ==+ CC
dt
dC  

Using Runge-Kutta 2nd order method and a step size of 3.5 weeks, find the concentration of 
the pollutant after 7 weeks.  
Solution 

 
C

dt
dC 06.0−=

 
 ( ) CCtf 06.0, −=  
 
Per Heun’s method  

 
hkkCC ii 





 ++=+ 211 2

1
2
1

 
 ( )ii Ctfk , 1 =  

 ( )hkChtfk ii 12 , ++=  
For 7

00 10  ,0  ,0 === Cti  
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 ( )00 1 ,Ctfk =  

      ( )710,0f=  
      )10(06.0 7−=  
      600000−=  
 ( )hkChtfk 1002 , ++=  
      ( )( )5.360000010,5.30 7 −++= f  
      ( )6109.7,5.3 ×= f  
      )109.7(06.0 6×−=  
       474000−=  

 hkkCC 





 ++= 210 1 2

1
2
1  

       
( ) ( ) 5.3474000

2
1600000

2
1107 






 −+−+=

 
       ( ) 5.3537000107 −+=  

      36 parts/m 101205.8 ×=  

1C  is the approximate concentration of bacteria at 
 httt +== 01 5.30 += weeks5.3=  
 ( ) 36

1 parts/m 101205.85.3 ×=≈ CC  
For 6

101 101205.8 ,5.35.30  ,1 ×==+=+== Chtti  
 ( )11 1 ,Ctfk =  
      ( )6101205.8,5.3 ×= f  
      )101205.8(06.0 6×−=  
      487230−=  
 ( )hkChtfk 111  2 , ++=  
       ( )( )5.3487230101205.8 ,5.35.3 6 −+×+= f  
      ( )6415200 ,7f=  

       )6415200(06.0−=  
      384910−=  

           hkkCC 





 ++= 211 2 2

1
2
1  

        ( ) ( ) 5.3384910
2
1487230

2
1101205.8 6 






 −+−+×=  

      ( ) 5.3436070101205.8 6 −+×=  
      36 parts/m105943.6 ×=  

2C  is the approximate concentration of bacteria at  
 httt +== 12 5.35.3 += weeks7=  
 ( ) 36

2 parts/m  105943.67 ×=≈ CC  
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The exact solution of the ordinary differential equation is given by  

 






 −

×= 50
3

7101)(
t

etC  
The solution to this nonlinear equation at 7=t weeks is 
 36 parts/m 105705.6)7( ×=C  
 
The results from Heun’s method are compared with exact results in Figure 2. 

 

 
Figure 2  Heun’s method results for different step sizes. 

 
Using smaller step size would increases the accuracy of the result as given in Table 1 and 
Figure 3. 
 

Table 1  Effect of step size for Heun’s method. 
Step size, h  ( )7C  tE  %t∈  

7 
3.5 
1.75 
0.875 
0.4375 

6106820.6 ×  
6105943.6 ×  
6105760.6 ×  
6105718.6 ×  
6105708.6 ×  

−111530 
−23784 
−5489.1 
−1318.8 
−323.24 

1.6975 
0.36198 
0.083542 
0.020071 
0.0049195 
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Figure 3 Effect of step size in Heun’s method. 

 
In Table 2, the Euler’s method and Runge-Kutta 2nd order method results are shown as a 
function of step size. 
 

Table 2  Comparison of Euler and the Runge-Kutta methods. 
Step size, 

h  
)7(C  

Euler Heun Midpoint Ralston 
7 
3.5 
1.75 
0.875 
0.4375 

6108000.5 ×  
6102410.6 ×  
6104160.6 ×  
6104960.6 ×  
6105340.6 ×  

6106820.6 ×  
6105943.6 ×  
6105760.6 ×  
6105718.6 ×  
6105708.6 ×  

6106820.6 ×
6105943.6 ×  
6105760.6 ×
6105718.6 ×
6105708.6 ×  

6106820.6 ×
6105943.6 ×  
6105760.6 ×
6105718.6 ×
6105708.6 ×

 
 
While in Figure 4, the comparison is shown over the range of time. 
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Figure 4  Comparison of Euler and Runge Kutta methods with exact results 
over time. 

 

 
 
How do these three methods compare with results obtained if we found ( )yxf ,′  
directly? 
Of course, we know that since we are including the first three terms in the series, if the 
solution is a polynomial of order two or less (that is, quadratic, linear or constant), any of the 
three methods are exact.  But for any other case the results will be different. 
 Let us take the example of  

  ( ) 50,32 =−= − yye
dx
dy x . 

If we directly find ( )yxf ,′ , the first three terms of the Taylor series gives 

 ( ) ( ) 2
1 ,

!2
1, hyxfhyxfyy iiiiii ′++=+  

where 
 ( ) yeyxf x 3, 2 −= −  
 ( ) yeyxf x 95, 2 +−=′ −  
For a step size of 2.0=h , using Heun’s method, we find  
 ( ) 0930.16.0 =y  
The exact solution 
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 ( ) xx eexy 32 4 −− +=  
gives 
 ( ) ( ) ( )6.036.02 46.0 −− += eey  
           96239.0=  
Then the absolute relative true error is 

 100
96239.0

0930.196239.0
×

−
=∈t  

       %571.13=  
For the same problem, the results from Euler’s method and the three Runge-Kutta methods 
are given in Table 3. 
 

Table 3  Comparison of Euler’s and Runge-Kutta 2nd order methods. 

 y(0.6) 
Exact Euler Direct 2nd Heun Midpoint Ralston 

Value 0.96239 0.4955 1.0930 1.1012 1.0974 1.0994 
t∈  %  48.514 13.571 14.423 14.029 14.236 

 
 
Appendix A  
How do we get the 2nd order Runge-Kutta method equations? 
We wrote the 2nd order Runge-Kutta equations without proof to solve 

 ( )yxf
dx
dy ,= , ( ) 00 yy =                                                                                   (A.1) 

as 
 ( )hkakayy ii 22111 ++=+                                                                                   (A.2) 
where 
 ( )ii yxfk ,1 =                                                                                   (A.3a)
  
 ( )hkqyhpxfk ii 11112 , ++=                                                                                 (A.3b) 
and 
 121 =+ aa  

 
2
1

22 =pa  

 
2
1

112 =qa                                                                                     (A.4) 

The advantage of using 2nd order Runge-Kutta method equations is based on not having to 
find the derivative of ( )yxf ,  symbolically in the ordinary differential equation 
 
So how do we get the above three Equations (A.4)?  This is the question that is answered in 
this Appendix. 
 
Writing out the first three terms of Taylor series are 
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 ( )32
2

2

1 !2
1 hOh

dx
ydh

dx
dyyy

iiii yxyx
ii +++=+                                                           (A.5) 

where 

 ii xxh −= +1  
Since 

 
( )yxf

dx
dy ,=

 
we can rewrite the Taylor series as 

 ( ) ( ) ( )32
1 ,

!2
1, hOhyxfhyxfyy iiiiii +′++=+                                                        (A.6) 

Now 

 ( ) ( ) ( )
dx
dy

y
yxf

x
yxfyxf

∂
∂

+
∂

∂
=′ ,,, .                                                                      (A.7) 

Hence 

 
( ) ( )32

,,,
1 !2

1, hOh
dx
dy

y
f

x
fhyxfyy

iiiiii yxyxyx
iiii +














×

∂
∂

+
∂
∂

++=+

 

        ( ) ( ) ( )32

,

2

,

,
2
1

2
1, hOhyxf

y
fh

x
fhyxfy ii

yxyx
iii

iiii

+
∂
∂

+
∂
∂

++=                        (A.8) 

Now the term used in the Runge-Kutta 2nd order method for 2k  can be written as a Taylor 
series of two variables with the first three terms as 

 ( )hkqyhpxfk ii 11112 , ++=  

      ( ) ( )2

,
111

,
1, hO

y
fhkq

x
fhpyxf

iiii yxyx
ii +

∂
∂

+
∂
∂

+=                                                 (A.9) 

Hence 

 ( )hkakayy ii 22111 ++=+  

        ( ) ( ) ( ) hhO
y
fhkq

x
fhpyxfayxfay

iiii yxyx
iiiii 


























+
∂
∂

+
∂
∂

+++= 2

,
111

,
121 ,,  

        ( ) ( ) ( ) ( )3

,

2
112

,

2
1221 ,, hO

y
fhyxfqa

x
fhpayxhfaay

iiii yx
ii

yx
iii +

∂
∂

+
∂
∂

+++=   

                  (A.10) 
Equating the terms in Equation (A.8) and Equation (A.10), we get 
 121 =+ aa  

 2
1

12 =pa
 

 2
1

112 =qa
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