Chapter 08.04
Runge-Kutta 4th Order Method for
Ordinary Differential Equations

After reading this chapter, Xou should be able to

1. develop Runge-Kutta 4™ order method for solving ordinary differential equations,
2. find the effect size of step size has on the solution,

3. know the formulas for other versions of the Runge-Kutta 4" order method

What is the Runge-Kutta 4th order method?

Runge-Kutta 4™ order method is a numerical technique used to solve ordinary differential
equation of the form

d

o=ty y0)=y,

So only first order ordinary differential equations can be solved by using the Runge-Kutta 4™
order method. In other sections, we have discussed how Euler and Runge-Kutta methods are
used to solve higher order ordinary differential equations or coupled (simultaneous)

differential equations.

How does one write a first order differential equation in the above form?

Example 1
Rewrite

g%+2y=13y&y@y=5

d
%:Hxﬁy@:%mm.
X
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Solution

dy x
2 y2y=13e" y(0
Lty =13 y(0)

dy X
1.3 -2y, y(0
L~ L y, y(0)

5

5

In this case
f(x,y)=13e>" -2y

Example 2
Rewrite

e’ (;l_y+ x?y? = 2sin(3x), y(0)=5
X

in

ﬂ: f(x,y), y()=y, form.

dx
Solution

e’ %jt x?y? = 2sin(3x), y(0)=5

X

dy 2sin(3x) - x’y?

—= = , y(0)=5

- > y(0)
In this case

2sin(3x) — x?y?

f(x,y)= ( e)y y
The Runge-Kutta 4™ order method is based on the following

Yia=Yi +(alkl + azkz + aska + a4k4 )h (1)
where knowing the value of y =y, at x;, we can find the value of y=1y,, at x,,, and

h= Xia — X
Equation (1) is equated to the first five terms of Taylor series

dy 1d%y , 1d% 3
Yiia =i +& Xi\Yi (Xi+1 =X )+§W X Yi (Xi+l - Xi) +§w i\ Yi (Xi+1 - Xi)
Ly )
4
+EW i Yi (Xi+l - Xi)
Knowing that % = f(x,y)and x,,, =%, =h
X
1 v 2 1 " 3 l " 4
Yia=VYi t f(xi’Yi)h+§f (Xi!yi)h +§f (Xi'yi)h "‘Zf (Xi!yi)h (3)

Based on equating Equation (2) and Equation (3), one of the popular solutions used is

Viu =Y, +%(k1 + 2k, + 2k, +k, )h (4)
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klzf(xi’yi) (52)
kzzf(xl+ h,yi+1klhj

(5b)

1 1
k,= f[ x +=h,y, +=k,h 5¢
5 X 50 2] (5¢)
K, = f(x +hy, +k;h) (5d)
Example 3

A polluted lake has an initial concentration of a bacteria of 10’ parts/m®, while the

acceptable level is only 5x10° parts/m®. The concentration of the bacteria will reduce as

fresh water enters the lake. The differential equation that governs the concentration C of the
pollutant as a function of time (in weeks) is given by

Z—$+ 0.06C =0, C(0) =10’
Using the Runge-Kutta 4™ order method, find the concentration of the pollutant after 7

weeks. Take a step size of 3.5 weeks.

Solution
d—ct: =-0.06C
f(t,C)=-0.06C

C..=C, +%(kl +2k, + 2k, + k, )h
Fori=0,t,=0, C, =10’
k, = f(tmco)
= £(0107)
=-0.06(10")
= —600000

1 1
k2 = f(to +Eh,C0 +Eklhj

- f(o +%x 3.510’ +%(— 600000)3.5)

= f(1.75,8950000)
~0.06(8950000)
~537000

1 1
k3 = f(to +Eh,CO +Ek2h)

f(o +%3.5,107 +%(— 537000)3.5j
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= f(1.75,9060300)
—0.06(9060300)

= 543620
k, = f(t, +h,C, +k;h)
£(0+3.5107 +(~543620)3.5)
= (3.5,8097300)
= —0.06(8097300)
= —485840

C, =C, +%(kl + 2k, + 2k, +k,)h

=10" + %(— 600000 + 2(— 537000) + 2(— 543620) + (— 485840))3.5

=10" + %(— 3247100)3.5

=8.1059 x10° parts/m®
C, is the approximate concentration of bacteria at
t=t, =t, +h=0+3.5=3.5parts/m*
C(3.5)~ C, =8.1059x10° parts/m*
For i=1t, =3.5C, =8.1059x10°
k, = f(tlvcl)
— £(3.5,8.1059x10°)

= —0.06(8.1059x10°)
= 486350

1 1
k2 = f(tl +§h,C1 +Eklhj

f(3.5+%><3.5, 8105900+%(— 486350)3.5)

f(5.25,7254800)
~0.06(7254800)
= —435290

1 1
k3 = f(tl +Eh,C1 +Ek2hJ

f(3.5+%x3.5,8105900+%(— 435290)3.5]

= 1(5.25,7344100)
= —0.06(7344100)
= —440648
k, = f(t, +h,C, +k;h)
= f(3.5+3.5,8105900 + (— 440648)3.5)
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= f(7,6563600)
= -0.06(6563600)
= -393820

C,=C, +%(k1 +2Kk, +2k; +k,)h

= 8105900 + %(— 486350 + 2 x (— 435290) + 2 x (— 440648) + (—393820) )x 3.5

= 8105900 + %(— 2632000)x 3.5

= 6.5705x10° parts/m®
C, is the approximate concentration of bacteria at
t, =t, +h=3.5+3.5=7 weeks
C(7)~C, = 6.5705x10° parts/m*

Figure 1 compares the exact solution with the numerical solution using the Runge-Kutta 4™
order method using different step sizes.
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Figure 1 Comparison of Runge-Kutta 4™ order method with exact solution for
different step sizes.

Table 1 and Figure 2 shows the effect of step size on the value of the calculated
concentration of bacteria at t =7 weeks.
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Table 1 Value of concentration of bacteria at 7 weeks for different step sizes.

Step size,
P c(7) E, %
7 6.5715x%10° ~1017.2 0.015481
35 6.5705x10°% | —53.301 8.1121x107*
1.75 6.5705x10° | —3.0512 4.6438x10°°
0.875 6.5705x10° | —0.18252 | 2.7779x10°°
0.4375 6.5705x10° | —0-011161 | 1 598610~
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Figure 2 Effect of step size in Runge-Kutta 4™ order method.

In Figure 3, we are comparing the exact results with Euler’s method (Runge-Kutta 1% order
method), Heun’s method (Runge-Kutta 2" order method) and the Runge-Kutta 4™ order
method.
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Figure 3 Comparison of Runge-Kutta methods of 1%, 2™, and 4™ order.

In Figure 3, we are comparing the exact results with Euler’s method (Runge-Kutta 1st order
method), Heun’s method (Runge-Kutta 2nd order method), and Runge-Kutta 4th order
method.

The formula described in this chapter was developed by Runge. This formula is same as
Simpson’s 1/3 rule, if f(X, y) were only a function of x. There are other versions of the 4™

order method just like there are several versions of the second order methods. The formula
developed by Kutta IS

Yia =Y + (k +3k, + 3k, +k, ) (6)
where

= f(x,,y,) (72)

1 1
, = fl X +=h, hk 7b
( Yt ] (7b)

1
f[x +=h,y, - hk1+hk2j (7c)
K, —fx+h y, +hk, —hk, +hk,) (7d)

This formula is the same as the Simpson’s 3/8 rule, if f(x, y) is only a function of x.
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The exact solution of the ordinary differential equation is given by

-3t
C(t) =1x1o7e[5)
The solution to this nonlinear equation at t = 7 weeks is
C(7) =6.5705x10° parts/m®
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