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Chapter 05.03 
Newton’s Divided Difference Interpolation 
 
 
 
 
 

 
After reading this chapter, you should be able to: 

1. 
2. 

derive Newton’s divided difference method of interpolation, 

3. 
apply Newton’s divided difference method of interpolation, and 

 

apply Newton’s divided difference method interpolants to find derivatives and 
integrals. 

What is interpolation? 

Many a times, data is given only at discrete points such as ( ),, 00 yx  ( )11, yx , ......, ( )11, −− nn yx , 
( )nn yx , .  So, how then does one find the value of y  at any other value of x ?  Well, a 
continuous function ( )xf  may be used to represent the 1+n  data values with ( )xf  passing 
through the 1+n  points (Figure 1).  Then one can find the value of y  at any other value of 
x .  This is called interpolation.   
 Of course, if x  falls outside the range of x  for which the data is given, it is no longer 
interpolation but instead is called extrapolation.   
 So what kind of function ( )xf  should one choose?  A polynomial is a common 
choice for an interpolating function because polynomials are easy to  

(A) evaluate, 
(B) differentiate, and 
(C) integrate, 

relative to other choices such as a trigonometric and exponential series.  
 Polynomial interpolation involves finding a polynomial of order n  that passes 
through the 1+n  points.  One of the methods of interpolation is called Newton’s divided 
difference polynomial method.  Other methods include the direct method and the Lagrangian 
interpolation method.  We discuss Newton’s divided difference polynomial method in this 
chapter. 
 
Newton’s Divided Difference Polynomial Method 
To illustrate this method, linear and quadratic interpolation is presented first.  Then, the 
general form of Newton’s divided difference polynomial method is presented.  To illustrate 
the general form, cubic interpolation is shown in Figure 1. 
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        Figure 1   Interpolation of discrete data. 

 
Linear Interpolation
Given 

  
),( 00 yx  and ),,( 11 yx  fit a linear interpolant through the data.  Noting )(xfy =  and 

)( 11 xfy = , assume the linear interpolant )(1 xf  is given by (Figure 2)  
 )()( 0101 xxbbxf −+=  
Since at 0xx = , 
 00010001 )()()( bxxbbxfxf =−+==  
and at 1xx = , 
 )()()( 0110111 xxbbxfxf −+==  
                      )()( 0110 xxbxf −+=  
giving 

 
01

01
1

)()(
xx

xfxf
b

−
−

=  

So 
 )( 00 xfb =  

 
01

01
1

)()(
xx

xfxf
b

−
−

=  

giving the linear interpolant as 
 )()( 0101 xxbbxf −+=   

 )(
)()(

)()( 0
01

01
01 xx

xx
xfxf

xfxf −
−
−

+=  
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         Figure 2   Linear interpolation. 
 
Example 1 
A robot arm with a rapid laser scanner is doing a quick quality check on holes drilled in a 

"10"15 ×  rectangular plate. The centers of the holes in the plate describe the path the arm 
needs to take, and the hole centers are located on a Cartesian coordinate system (with the 
origin at the bottom left corner of the plate) given by the specifications in Table 1. 

 
Table 1  The coordinates of the holes on the plate. 

x  (in.) y  (in.) 
2.00 7.2 
4.25 7.1 
5.25 6.0 
7.81 5.0 
9.20 3.5 
10.60 5.0 

 
If the laser is traversing from 00.2=x  to 25.4=x  in a linear path, what is the value of y  at 

00.4=x using Newton’s divided difference method of interpolation and a first order 
polynomial? 
 

( )00, yx  

( )11, yx  

( )xf1  

x

y  
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Figure 3  Location of holes on the rectangular plate. 
 
Solution 

For linear interpolation, the value of y is given by 
 )()( 010 xxbbxy −+=  
Since we want to find the value of y  at 00.4=x , using the two points 00.2=x  and 

25.4=x , then 
 ,00.20 =x  2.7)( 0 =xy  
 ,25.41 =x  1.7)( 1 =xy  
gives 
 )( 00 xyb =  
      2.7=  

 
01

01
1

)()(
xx

xyxy
b

−
−

=  

      
00.225.4
2.71.7

−
−

=  

      044444.0−=  
Hence 
 )()( 010 xxbbxy −+=  
          ),00.2(044444.02.7 −−= x  25.400.2 ≤≤ x  
At 00.4=x  
 )00.200.4(044444.02.7)00.4( −−=x  
              .in1111.7=  
If we expand 
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 ),00.2(044444.02.7)( −−= xxy          25.400.2 ≤≤ x  
we get 
 ,044444.02889.7)( xxy −=                25.400.2 ≤≤ x  
This is the same expression that was obtained with the direct method. 
 
Quadratic Interpolation 
Given ),,( 00 yx  ),,( 11 yx  and ),,( 22 yx  fit a quadratic interpolant through the data.  Noting 

),(xfy =  ),( 00 xfy =  ),( 11 xfy =  and ),( 22 xfy = assume the quadratic interpolant )(2 xf  
is given by 
 ))(()()( 1020102 xxxxbxxbbxf −−+−+=  
At 0xx = , 
 ))(()()()( 100020010002 xxxxbxxbbxfxf −−+−+==  
                       0b=  
           )( 00 xfb =  
At 1xx =  
 ))(()()()( 110120110112 xxxxbxxbbxfxf −−+−+==  
            )()()( 01101 xxbxfxf −+=  
giving 
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b
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=  

At 2xx =  
 ))(()()()( 120220210222 xxxxbxxbbxfxf −−+−+==  

 ))(()(
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−
−

+=  

Giving 
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Hence the quadratic interpolant is given by 
 ))(()()( 1020102 xxxxbxxbbxf −−+−+=  
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        Figure 4   Quadratic interpolation. 

 
Example 2 
A robot arm with a rapid laser scanner is doing a quick quality check on holes drilled in a 

"10"15 ×  rectangular plate. The centers of the holes in the plate describe the path the arm 
needs to take, and the hole centers are located on a Cartesian coordinate system (with the 
origin at the bottom left corner of the plate) given by the specifications in Table 2. 
  

Table 2  The coordinates of the holes on the plate. 
x  (in.) y  (in.) 
2.00 7.2 
4.25 7.1 
5.25 6.0 
7.81 5.0 
9.20 3.5 
10.60 5.0 

 
If the laser is traversing from 00.2=x  to 25.4=x  to 25.5=x  in a quadratic path, what is 
the value of y  at 00.4=x  using Newton’s divided difference method of interpolation and a 
second order polynomial? Find the absolute relative approximate error for the second order 
polynomial approximation. 
 
Solution 

For quadratic interpolation, the value of y  is given by 
 ))(()()( 102010 xxxxbxxbbxy −−+−+=  
Since we want to find the value of y  at 00.4=x  and we are using a second order 
polynomial, we choose the three points as ,00.20 =x  ,25.41 =x  and 25.52 =x . 
Then 

( )00 , yx  

( )11, yx
( )22 , yx  

( )xf2  

y  

x  
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 ,00.20 =x  2.7)( 0 =xy  
 ,25.41 =x  1.7)( 1 =xy  
 ,25.52 =x  0.6)( 2 =xy  
gives  

 )( 00 xyb =  
      2.7=  

 01

01
1

)()(
xx

xyxy
b

−
−

=
 

      00.225.4
2.71.7

−
−

=
 

      044444.0−=  

 02

01

01

12

12

2

)()()()(

xx
xx

xyxy
xx

xyxy

b
−

−
−

−
−
−

=
 

      00.225.5
00.225.4
2.71.7

25.425.5
1.70.6

−
−
−

−
−
−

=
 

      
25.3
044444.01.1 +−

=  

      32479.0−=  
then 

))(()()( 102010 xxxxbxxbbxy −−+−+=  
          ),25.4)(00.2(32479.0)00.2(044444.02.7 −−−−−= xxx  25.500.2 ≤≤ x  
At 00.4=x          

)25.400.4)(00.200.4(32479.0)00.200.4(044444.02.7)00.4( −−−−−=y  
    .in2735.7=  
The absolute relative approximate error a∈  obtained between the results from the first and 
second order polynomial is 

100
2735.7

1111.72735.7
×

−
=∈a  

        %2327.2=  
If we expand, 

),25.4)(00.2(32479.0)00.2(044444.02.7)( −−−−−= xxxxy  25.500.2 ≤≤ x  
we get 
 ,32479.09855.15282.4)( 2xxxy −+=                               25.500.2 ≤≤ x  
This is the same expression that was obtained with the direct method. 
General Form of Newton’s Divided Difference Polynomial 
In the two previous cases, we found linear and quadratic interpolants for Newton’s divided 
difference method.  Let us revisit the quadratic polynomial interpolant formula 
 ))(()()( 1020102 xxxxbxxbbxf −−+−+=  
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where 
 )( 00 xfb =  

 
01

01
1

)()(
xx

xfxf
b

−
−

=  
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2

)()()()(
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−

−
−

−
−
−

=  

Note that ,0b ,1b  and 2b  are finite divided differences. ,0b ,1b and 2b  are the first, second, 
and third finite divided differences, respectively.  We denote the first divided difference by 
 )(][ 00 xfxf =  
the second divided difference by 

 
01

01
01

)()(
],[

xx
xfxf

xxf
−
−

=  

and the third divided difference by 

 
02

0112
012

],[],[
],,[

xx
xxfxxf

xxxf
−
−

=  

        
02

01

01

12

12 )()()()(

xx
xx

xfxf
xx

xfxf

−
−
−

−
−
−

=  

where ],[ 0xf ],,[ 01 xxf  and ],,[ 012 xxxf  are called bracketed functions of their variables 
enclosed in square brackets. 
Rewriting, 
 ))(](,,[)](,[][)( 1001200102 xxxxxxxfxxxxfxfxf −−+−+=  
This leads us to writing the general form of the Newton’s divided difference polynomial for 

1+n  data points, ( ) ( ) ( ) ( )nnnn yxyxyxyx ,,,,......,,,, 111100 −− , as 
 ))...()((....)()( 110010 −−−−++−+= nnn xxxxxxbxxbbxf  
where 
 ][ 00 xfb =  
 ],[ 011 xxfb =  
 ],,[ 0122 xxxfb =  

          
 ],....,,[ 0211 xxxfb nnn −−− =  
 ],....,,[ 01 xxxfb nnn −=  
where the definition of the thm  divided difference is 
 ],........,[ 0xxfb mm =  

      
0

011 ],........,[],........,[
xx

xxfxxf

m

mm

−
−

= −  

From the above definition, it can be seen that the divided differences are calculated 
recursively.   
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For an example of a third order polynomial, given ),,( 00 yx  ),,( 11 yx  ),,( 22 yx  and ),,( 33 yx  

))()(](,,,[
))(](,,[)](,[][)(

2100123

1001200103

xxxxxxxxxxf
xxxxxxxfxxxxfxfxf

−−−+
−−+−+=

 

 

 
          
           Figure 5   Table of divided differences for a cubic polynomial. 
 

Example 3 
A robot arm with a rapid laser scanner is doing a quick quality check on holes drilled in a 

"10"15 ×  rectangular plate. The centers of the holes in the plate describe the path the arm 
needs to take, and the hole centers are located on a Cartesian coordinate system (with the 
origin at the bottom left corner of the plate) given by the specifications in Table 3. 
 

Table 3  The coordinates of the holes on the plate. 
x  (in.) y  (in.) 
2.00 7.2 
4.25 7.1 
5.25 6.0 
7.81 5.0 
9.20 3.5 
10.60 5.0 

 
Find the path traversed through the six points using Newton’s divided difference method of 
interpolation and a fifth order polynomial. 
 
Solution 

For a fifth order polynomial, the value of y  is given by  

))()()()(())()()((
))()(())(()()(

43210532104

2103102010

xxxxxxxxxxbxxxxxxxxb
xxxxxxbxxxxbxxbbxy

−−−−−+−−−−+
−−−+−−+−+=

 

( )00 xfx  

0b  

( )11 xfx  

( )22 xfx  

( )33 xfx  

1b  
2b  

3b  [ ]01, xxf  

[ ]12 , xxf  

[ ]23 , xxf  

[ ]012 ,, xxxf  

[ ]123 ,, xxxf  

[ ]0123 ,,, xxxxf  
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Using the six points, 
 ,00.20 =x    2.7)( 0 =xy  
 ,25.41 =x     1.7)( 1 =xy  
 ,25.52 =x     0.6)( 2 =xy  
 ,81.73 =x     0.5)( 3 =xy  
 ,20.94 =x     5.3)( 4 =xy  
 ,60.105 =x   0.5)( 5 =xy  
gives 

 ][ 00 xyb =  
      )( 0xy=  
      2.7=  
 ],[ 011 xxyb =   

      01

01 )()(
xx

xyxy
−
−

=
 

      00.225.4
2.71.7

−
−

=
 

      044444.0−=  

 ],,[ 0122 xxxyb =  
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xxyxxy
−
−

=
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)()(],[
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xyxyxxy
−
−

=
 

               
25.425.5
1.70.6

−
−

=  

    1.1−=  
 044444.0],[ 01 −=xxy  
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2

],[],[
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xxyxxy
b

−
−

=
 

                 
00.225.5

044444.01.1
−

+−
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                 32479.0−=   
            ],,,[ 01233 xxxxyb =  
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012123 ],,[],,[
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xxxyxxxy
−
−

=  

13

1223
123

],[],[
],,[

xx
xxyxxy

xxxy
−
−

=
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23

23
23

)()(
],[

xx
xyxy

xxy
−
−

=
 

     25.581.7
0.60.5

−
−

=
 

     39063.0−=  

12

12
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)()(],[
xx

xyxyxxy
−
−

=
 

     25.425.5
1.70.6

−
−

=
 

     1.1−=  

13

1223
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],[],[
],,[

xx
xxyxxy

xxxy
−
−

=
 

          25.481.7
1.139063.0

−
+−

=
 

          19926.0=  
32479.0],,[ 012 −=xxxy  

 
],,,[ 01233 xxxxyb =  

      03

012123 ],,[],,[
xx

xxxyxxxy
−
−

=
 

      00.281.7
32479.019926.0

−
+

=
 

      090198.0=  
 

            ],,,,[ 012344 xxxxxyb =  

     
04

01231234 ],,,[],,,[
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xxxxyxxxxy
−
−

=  

 14

123234
1234
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],,,[

xx
xxxyxxxy
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−
−
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xxyxxy
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−
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],[
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−
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     81.720.9
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−
−

=
 

     0791.1−=  
39063.0],[ 23 −=xxy     
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234

],[],[
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xxyxxy
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−
−
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          25.520.9
39063.00791.1

−
+−

=
 

          17431.0−=  
19926.0],,[ 123 =xxxy  

14

123234
1234

],,[],,[
],,,[

xx
xxxyxxxy

xxxxy
−
−

=
 

                25.420.9
19926.017431.0

−
−−

=
 

                075469.0−=  
090198.0],,,[ 0123 =xxxxy  

 

04

01231234
4

],,,[],,,[
xx

xxxxyxxxxy
b

−
−

=  

     
00.220.9
090198.0075469.0

−
−−

=  

      023009.0−=  
 

            ],,,,,[ 0123455 xxxxxxyb =  

                
05

0123412345 ],,,,[],,,,[
xx

xxxxxyxxxxxy
−
−

=  

15

12342345
12345

],,,[],,,[
],,,,[

xx
xxxxyxxxxy

xxxxxy
−
−

=
 

25

234345
2345

],,[],,[
],,,[

xx
xxxyxxxy

xxxxy
−
−

=
 

35

3445
345

],[],[
],,[

xx
xxyxxy

xxxy
−

−
=

 

45

45
45

)()(
],[

xx
xyxy

xxy
−
−

=
 

      20.960.10
5.30.5

−
−

=
 

      0714.1=  
0791.1],[ 34 −=xxy     

35

3445
345

],[],[
],,[

xx
xxyxxy

xxxy
−

−
=

 

            81.760.10
0791.10714.1

−
+

=
 

            77081.0=  
17431.0],,[ 234 −=xxxy                    
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25

234345
2345

],,[],,[
],,,[

xx
xxxyxxxy

xxxxy
−
−

=
 

             
25.560.10
17431.077081.0

−
+

=  

              17666.0=  
075469.0],,,[ 1234 −=xxxxy  

15

12342345
12345

],,,[],,,[
],,,,[

xx
xxxxyxxxxy

xxxxxy
−
−

=
 

                    
25.460.10

075469.017666.0
−
+

=  

                    039705.0=  
023009.0],,,,[ 01234 −=xxxxxy  

 

05

0123412345
5

],,,,[],,,,[
xx

xxxxxyxxxxxy
b

−
−

=  

                 
00.260.10
023009.0039705.0

−
+

=  

                 0072923.0=  
Hence 

))()()()((
))()()((

))()(())(()()(

432105

32104

2103102010

xxxxxxxxxxb
xxxxxxxxb

xxxxxxbxxxxbxxbbxy

−−−−−+
−−−−+

−−−+−−+−+=
     

                     

)2.9)(81.7)(25.5)(25.4)(2(0072923.0         
)81.7)(25.5)(25.4)(2(023009.0

)25.5)(25.4)(2(090198.0
)25.4)(2(32479.0)2(04444.02.7

−−−−−+
−−−−−

−−−+
−−−−−=

xxxxx
xxxx

xxx
xxx

 

Expanding this formula, we get  

6.102,0072923.023091.07862.2
855.15344.41898.30)(

543

2

≤≤+−+

−+−=

xxxx
xxxy

       

This is the same expression that was obtained with the direct method.       
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Figure 6  Fifth order polynomial to traverse points of robot path (using 
direct method of interpolation). 
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