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Integration

Topic: Trapezoidal Rule

Major: Computer Engineering
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What is Integration
Integration:

∫=
b

a
dx)x(fI

The process of measuring 
the area under a function 
plotted on a graph.

Where: 

f(x) is the integrand

a= lower limit of integration

b= upper limit of integration
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Basis of Trapezoidal Rule

∫=
b

a
dx)x(fI

Trapezoidal Rule is based on the Newton-Cotes 
Formula that states if one can approximate the 
integrand as an nth order polynomial…
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Basis of Trapezoidal Rule

∫∫ ≈
b

a
n

b

a
)x(f)x(f

Then the integral of that function is approximated 
by the integral of that nth order polynomial.

Trapezoidal Rule assumes n=1, that is, the area         
under the linear polynomial, 
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Derivation of the Trapezoidal Rule
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Method Derived From Geometry

The area under the 
curve is a trapezoid. 
The integral
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Figure 2: Geometric Representation 
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Example 1

a) Use single segment Trapezoidal rule to find the distance covered.
b) Find the true error,     for part (a).
c) Find the absolute relative true error,      for part (a).

tE
aε

Human vision has the remarkable ability to infer 3D shapes from 2D 
images. The intriguing question is: can we replicate some of these
abilities on a computer?  Yes, it can be done and to do this, integration
of vector fields is required.  The following integral needs to integrated.
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Solution
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Solution (cont)

a) ⎥⎦
⎤

⎢⎣
⎡ −+

−=
2

)017.0(0)0100(I

85.0−=

The exact value of the above integral is found using Maple for 
calculating the true error and relative true error.

b)

∫=
100

0

)( dxxfI 7926.60=
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Solution (cont)

b) ValueeApproximatValueTrueEt −=

c) The absolute relative true error, , would bet∈

)85.0(7926.60 −−=

6426.61=
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7926.60
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Multiple Segment Trapezoidal Rule

In Example 1, the true error using single segment trapezoidal rule was 
large.   We can divide the interval [0,100] into [0,50] and [50,100] 
intervals and apply Trapezoidal rule over each segment.
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Multiple Segment Trapezoidal Rule
With

0)0( =f

017.0)100( −=f

2784.1)50( =f

Hence:
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Multiple Segment Trapezoidal Rule

The true error is:

The true error now is reduced from 61.6426 to -2.7049 .  

Extending this procedure to divide the interval into  equal 
segments to apply the Trapezoidal rule; the sum of the 
results obtained for each segment is the approximate 
value of the integral.

4975.637926.60 −=tE

7049.2−=
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Multiple Segment Trapezoidal Rule
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Figure 4: Multiple (n=4) Segment Trapezoidal Rule

Divide  into  equal segments 
as shown in Figure 4.  Then 
the width of each segment is:

n
abh −

=

The integral I is:
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Multiple Segment Trapezoidal Rule
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The integral I can be broken into h integrals as:

∫
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Applying Trapezoidal rule on each segment gives:
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Example 2

∫=
100

0

)( dxxfI

The vertical distance covered by a rocket from  to  seconds is 
given by:

a) Use two-segment Trapezoidal rule to find the distance covered.
b) Find the true error,     for part (a).
c) Find the absolute relative true error,      for part (a). aε

tE
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Solution
a) The solution using 2-segment Trapezoidal rule is
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Solution (cont)
Then:
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Solution (cont)

so the true error is

ValueeApproximatValueTrueEt −=

b) The exact value of the above integral is found using Maple for 
calculating the true error and relative true error. 

∫=
100

0

)( dxxfI 7926.60=
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Solution (cont)

c) The absolute relative true error, , would bet∈

100
Value True
Error True
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Solution (cont)

Table 1 gives the values 
obtained using multiple 
segment Trapezoidal rule 
for: 

Table 1: Multiple Segment Trapezoidal Rule Values

%t∈ %a∈
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23.7228.28855.0387955.7538

82.86630.044418.264842.5277

24.87027.9253-16.976577.7696

38.2793.89062.3651958.4275

208.51840.6804924.7307336.0614

42.92783.0114-50.4648111.2573

101.3384.44939-2.704963.49752

---101.39861.6426-0.851

EtValuen
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Example 3

Use Multiple Segment Trapezoidal Rule to find 
the area under the curve

xe
x)x(f
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.
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Solution
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Solution (cont)

So what is the true value of this integral? 
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Solution (cont)

0.124%0.305246.2864

0.495%1.222245.3732

1.982%4.887241.7016

7.927%19.546227.048

30.812%75.978170.614

79.505%196.0550.5352

99.724%245.910.6811

Approximate 
Value

n

Table 2: Values obtained using Multiple Segment 
Trapezoidal Rule  for: 

∫
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Error in Multiple Segment 
Trapezoidal Rule

The true error for a single segment Trapezoidal rule is given by:

ba),("f)ab(Et <ζ<ζ
−

=
12

3
where ζ is some point in [ ]b,a

What is the error, then in the multiple segment Trapezoidal rule?  It will 
be simply the sum of the errors from each segment, where the error in 
each segment is that of the single segment Trapezoidal rule.  

The error in each segment is
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Error in Multiple Segment 
Trapezoidal Rule

Similarly:
[ ] ihah)i(a),("f)h)i(a()iha(E iii +<ζ<−+ζ
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Error in Multiple Segment 
Trapezoidal Rule

Hence the total error in multiple segment Trapezoidal rule is

∑
=

=
n

i
it EE

1
∑
=

ζ=
n

i
i )("fh

1

3

12 n

)("f

n
)ab(

n

i
i∑

=
ζ

−
= 1

2

3

12

The term

n

)("f
n

i
i∑

=
ζ

1
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Error in Multiple Segment 
Trapezoidal Rule

Below is the table for the integral ∫ ⎟
⎠
⎞

⎜
⎝
⎛ −⎥⎦

⎤
⎢⎣
⎡

−

30

8
89

2100140000
1400002000 dtt.

t
ln

as a function of the number of segments.  You can visualize that as the 
number of segments are doubled, the true error gets approximately quartered. 

tE %t∈ %a∈

0.004010.02913-3.221106516

0.035600.1165-12.9110748

0.35940.4655-51.5111134

5.3431.854-205112662
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