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i What is Interpolation ?

Given (XOIYO)I (X]_IYI)I ------ (XnIYI’])I find the
value of 'y’ at a value of ‘X’ that is not given.
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Interpolants

Polynomials are the most common
choice of interpolants because they
are easy to:

mEvaluate
m Differentiate, and
m Integrate.



Why Splines ?

J ) =105

Table : Six equidistantly spaced points in [-1, 1]
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Exact funation
-1.0 0.038461

Jth order polynomial
-0.6 0.1
-0.2 0.5
0.2 0.5

-1™—75 -0.5 -0.25 0.26 0.5 0.7 1

0.6 0.1 -0.2
1.0 0.038461 Figure : 5™ order polynomial vs. exact function




Why Splines ?
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Figure : Higher order polynomial interpolation is a bad idea



Linear Interpolation

Given (x0 s Vo ), (x1 V) ), ...... ,(xn_l sV, )(xn V, ), fit linear splines to the data. This simply involves
forming the consecutive data through straight lines. So if the above data is given in an ascending
order, the linear splines are given by (yl. = f(x ))

Figure : Linear splines
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i Linear Interpolation (contd)

f(x)zf(xo)+f(XI)_f(XO)(x_xo)a Xy SXS X
X —X,

e pAG ik AS T VSSNSP
Xy — X

PPN (CALYIC

- (x—x,,), x, , <x<x,

xn—l

Note the terms of

JSx) = f(x)

X =X

in the above function are simply slopes between x,, and x,.



Example

A manufacturer of thermistors makes the
following observations on a thermistor. Find
the temperature corresponding to 754.8 ohms
using the Linear Spline Interpolation method

R T Temperature vs. Resistance

Ohm | °C ] - .

1101.0 | 25.113 E T
911.3 |30.131 2 2 )
636.0 | 40.120 "

0 500 1000 1500

45 1 . 1 50 128 Resistancs (Ohms)




Linear Interpolation

R,=9113, T(R,)=30.131 e |
Rl - 6360, T(Rl) = 40120 31.36 ]
T R _T R z.. 36.36 -
T(R)=T(R,) + (R)—1( O)(R_RO) Finearngo)
I B 0 QH§XdCSiTCd)41.36— |
:30.131+40'120_30'131(13—911.3) i
636.0—-911.3 S
T'(R)=30.131-0.036284(R —911.3) 005w 005

At R=75423,
7(754.8) =30.131-0.036284(754.8 - 911.3)
=35.809°C
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Quadratic Interpolation

Given (xo » Vo ), (x1 V) ), ...... , (xn_1 Vo ), (xn V, ), fit quadratic splines through the data. The splines

are given by (%, V!
2
fx)=ax’ +bx+c,, x, <x<x, sz%“a
2 * 1 ]
=a,x” +b,x+c,, x, <x<x, R
ax +Bx+e ) ;&3%)
I l iy ] ﬁ//
T ()
a,x% +hx+e,
2 g ¥a.d
=a,x" +bx+c,, X, Sx<x,

Find a,,b,,c,,i=1,2,...,n



Quadratic Interpolation (contd)

Each quadratic spline goes through two consecutive data points

2
a,x, +bx,+c, = f(xo)

2
ax;” +bx +c, = f(x)

a. x.

i7vi-1

2
+bx, +¢; = f(x)

2
ax; +bixi +cC, = f(xi)

2
a X

n""n-1

+bn'xn71 +Cn = f(xnfl)
2
anxn +bnxn +Cn =f(xn)

This condition gives 2n equations

ax +Bx+e

{Taa

LA

(e

T

a,x% +hx+e,

g Mo

Ix?é’y?él

YR P!

2
Ax +hx+e,
*
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Quadratic Splines (contd)

The first derivatives of two quadratic splines are continuous at the interior points.

For example, the derivative of the first spline

ax’+bx+c, is 2ax+b,

Ixi’!’yﬁl

The derivative of the second spline
= Slope =Za,x +5&,
a,x> +b,x+c, is 2a,x +b,

* X Pe!

and the two are equal at x = x, giving _
Slope = 2a,x+ B -
32¥3

e

ol
i T

Slope = 2a,x + by

2a,x, +b, =2a,x, + b,

{Tz 2

2ax,+b —-2a,x,—b, =0

o)




Quadratic Splines (contd)

Similarly at the other interior points, Yy
Ix?!’ y?! |
2a,x, +b, —2a,x, —b, =0
/—_;fope =2a,x+h,
. b P!
Sope = 2 ’
weI R )

2a,x, +b, —2a, ,x,-b,,, =0 l )

T (%202}
Slope = 2a,x + &,

{0 o

2a, \x, ,+b _,—2a,x, ,—-b =0
We have (n-1) such equations. The total number of equations is (2n)+(n—1)=Gn-1).
We can assume that the first spline is linear, thatis a, =0
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Quadratic Splines (contd)

This gives us ‘3n’ equations and ‘3n” unknowns. Once we find the ‘3n’ constants,

we can find the function at any value of ‘x’ using the splines,

. 2
f(x)=ax" +bx+c, X, Sx<x (%0, )
— 2 _|_b 4 < < —a,x b x+e,
=a,x ,X+c¢,, x, <x<x,
oA !

ax +Bx+e

{Taa

LA

(e

T

a,x% +hx+e,

2
=a,x +bx+c,, X,  Sx<Xx, e g




Example

A manufacturer of thermistors makes the following
observations on a thermistor. Find the temperature
corresponding to 754.8 ohms using the Quadratic
Spline Interpolation method

R T Temperature vs. Resistance
o 60
Ohm C a0 .
1101.0 | 25.113 gzg .
911.3 | 30.131 Z-’-zo ¢
= 10 |
636.0 | 40.120 0 | |
0 500 1000 1500
45 1 . 1 50 128 Resistancs (Ohms)




Solution

Since there are four data points,

Temperature vs. Resistance

three quadratic splines pass through them.

[e2]
o

T(R)=a,R* +bR+c,, 1101.0<R<9I13 ¥ .
=a,R* +b,R +c,, 911.3<R<636.0 § _—
£
—a,R* +h,R+c,, 636.0<R<451.1 | |
0 500 1000 1500

Resistancs (Ohms)
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Solution (contd)

Setting up the equations

Each quadratic spline passes through two consecutive data points giving

a,R* +b,R + ¢, passes through R =1101.0 and R = 911.3,

a,(1101.0)> +b,(1101.0) + ¢, =25.113 (1)

a,(911.3)* +b,(911.3) + ¢, =30.131 2)
Similarly,
a,(911.3)> +b,(911.3) + ¢, =30.131 3)
a,(636.0)*> +b,(636.0) +c, = 40.120 (4)
a,(636.0)* + b,(636.0) +c, = 40.120 (5)
a,(451.1) +b,(451.1) +c, = 50.128 (6)



Solution (contd)

Quadratic splines have continuous

derivatives at the interior data points

At R=911.3
2a,(911.3)+ b, —2a,(911.3)—b, =0 (7)
At R =636.0
2a,(636.0) +b, —2a,(636.0)—b, =0 (8)

Assuming the first spline @, R” +b,R + c, is linear,

a, =0 )
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Solution (contd)

(1.2122%10°
8.3047*10°
0

1101.0
911.3

S O = O O O

1
1
0
0
0
0
0
0
0

0

0
8.3047*10°
4.0450*10°

0

0

—1822.6
1272
0

0

0
911.3
636.0

0

0

-1
1
0

S O O O o = = O O

0

0

0

0
4.0450*10°
2.0349*10°

0

—1272
0

oS O O

0
636.0
451.1

0

-1

0

S O O = = O O O O




Solution (contd)

Solving the above 9 equations gives the 9 unknowns as

i a, b. C.

l l l

1 0 -.026452| 54.237
2 3.5713%1071-.091543| 83.895

3 14.3325%1071-.101225| 86.974
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Solution (contd)

Therefore, the splines are given by

T(R)=-0.026452R + 54.237, 911.3<R<1101.0
=3.5713*10” R* —0.091543R +83.895, 636.0<R<911.3
=4.3325*10° R* —0.101225R +86.974, 451.1< R <636.0

At R =754.8

T(754.8) =3.5713*107(754.8)° —0.091543(754.8) + 83.895
=35.145°C

obtained between the results from the linear and

The absolute relative approximate error |,

quadratic splines is

35.145-35.809|
35.145 |

a

=1.8893%



