
 
 
 
 
 
Chapter 02.03 
Differentiation of Discrete Functions 
 
 
 
 
 
After reading this chapter, you should be able to: 
 

1. find approximate values of the first derivative of functions that are given at 
discrete data points, and 

2. use Lagrange polynomial interpolation to find derivatives of discrete functions. 
 
To find the derivatives of functions that are given at discrete points, several methods are 
available.  Although these methods are mainly used when the data is spaced unequally, they 
can be used for data that is spaced equally as well. 
 
Forward Difference Approximation of the First Derivative 
We know 
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Figure 1  Graphical representation of forward difference approximation of first derivative. 
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Example 1 
The failure rate  of a direct methanol fuel cell (DMFC) is given by the formula )(th
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′
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where  is the reliability at a certain time t , and the values of the reliability are given in 
Table 1. 
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Table 1 Reliability of DMFC system. 

(hrs  t )  0 1 10 100 1000 2000 3000 4000 5000 
)(tR   1 0.9999 0.9998 0.9980 0.9802 0.9609 0.9419 0.9233 0.9050

 

Using the forward divided difference method, find the failure rate of the DMFC system at 

 hours. 50=t

Solution 
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Direct Fit Polynomials 

In this method, given  data points 1+n ( ) ( ) ( ) ( )nn yxyxyxyx ,,,,,,,, 221100 … , one can fit a  
order polynomial given by 

thn
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To find the first derivative, 
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Similarly, other derivatives can also be found. 
 

Example 2 
The failure rate  of a direct methanol fuel cell (DMFC) is given by the formula )(th
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where  is the reliability at a certain time , and the values of the reliability are given in 
Table 2. 

)(tR t

 
 



02.03.4                                                        Chapter 02.03
  
 

)
Table 2 Reliability of DMFC system. 

(hrs  t  0 1 10 100 1000 2000 3000 4000 5000 
)(tR   1 0.9999 0.9998 0.9980 0.9802 0.9609 0.9419 0.9233 0.9050

 
Using a third order polynomial interpolant for reliability , find the failure rate of the 

DMFC at  hours. 

)(tR

50=t

Solution 

For third order polynomial interpolation (also called cubic interpolation), we choose the 

reliability given by 
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Since we want to find the reliability at 50=t , and we are using a third order polynomial, we 

need to choose the four points closest to 50=t  that also bracket 50=t  to evaluate it. 

The four points are , , 10 =t 101 =t 1002 =t , and 10003 =t  hours. 

( ) 9999.0,1 00 == tRt  

  ( ) 9998.0,10 11 == tRt
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  ( ) 9802.0,1000 33 == tRt

such that 
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Writing the four equations in matrix form, we have 
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Solving the above gives 
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Figure 2  Graph of reliability as a function of time. 
 
The acceleration at  is given by 50=t
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Using the same function, we can also calculate the value of  at )(tR 50=t . 
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The failure rate is then 
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Lagrange Polynomial 

In this method, given ( ) , one can fit a  order Lagrangian polynomial 
given by 
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)(xLi  is a weighting function that includes a product of 1−n  terms with terms of ij =  
omitted. 
Then to find the first derivative, one can differentiate ( )xfn  once, and so on for other 
derivatives. 
For example, the second order Lagrange polynomial passing through 
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Differentiating the above equation gives 
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Differentiating again would give the second derivative as 
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Example 3 
The failure rate  of a direct methanol fuel cell (DMFC) is given by the formula )(th

)(
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′
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where  is the reliability at a certain time t , and the values of the reliability are given in 
Table 3. 
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Table 3 Reliability of DMFC system. 

(hrs  t )  0 1 10 100 1000 2000 3000 4000 5000 
)(tR   1 0.9999 0.9998 0.9980 0.9802 0.9609 0.9419 0.9233 0.9050

 
Determine the value of the failure rate at 50=t  hours using second order Lagrangian 

polynomial interpolation for reliability. 

Solution 
For second order Lagrangian polynomial interpolation, we choose the reliability given by 
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Since we want to find the reliability at 50=t , and we are using a second order Lagrangian 
polynomial, we need to choose the three points closest to 50=t  that also bracket 50=t  to 
evaluate it. The three points are 10 =t , 101 =t , and 1002 =t . 
Differentiating the above equation gives 
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We must also find the value of   at )(tR 50=t . 
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The failure rate is then 
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