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Integration

Topic: Romberg Rule

Major: Industrial Engineering
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Basis of Romberg Rule
Integration
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The process of measuring 
the area under a curve.

Where: 

f(x) is the integrand

a= lower limit of integration

b= upper limit of integration
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What is The Romberg Rule?

Romberg Integration is an extrapolation formula of 
the Trapezoidal Rule for integration.  It provides a 
better approximation of the integral by reducing the 
True Error.
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Error in Multiple Segment  
Trapezoidal Rule

The true error in a multiple segment Trapezoidal

Rule with n segments for an integral

Is given by
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Error in Multiple Segment  
Trapezoidal Rule

The term                   can be viewed as an ( )
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This leads us to say that the true error, Et
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Error in Multiple Segment  
Trapezoidal Rule

Table 1 shows the results 
obtained for the integral 
using multiple segment 
Trapezoidal rule for

Table 1: Multiple Segment Trapezoidal Rule Values

%t∈ %a∈

2.43171.65250.0160920.957678

14.1934.04420.0393810.934397

36.72917.6630.172000.801776

56.99747.9050.466480.507285

17.44777.5980.755620.218144

49.15381.5060.793680.180093

99.99972.4160.705160.268612

---44.8320.436660.537211
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Error in Multiple Segment  
Trapezoidal Rule

The true error gets approximately  quartered as 
the number of segments is doubled.  This 
information is used to get a better approximation 
of the integral, and is the basis of Richardson’s 
extrapolation.
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Richardson’s Extrapolation for 
Trapezoidal Rule

The true error,     in the n-segment Trapezoidal rule 
is estimated as   

tE

2n
CEt ≅

where C is an approximate constant of 
proportionality.  Since

nt ITVE −=

Where TV = true value and      = approx. valuenI
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Richardson’s Extrapolation for 
Trapezoidal Rule

From the previous development, it can be shown 
that
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when the segment size is doubled and that 
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which is Richardson’s Extrapolation.
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Example 1
A company advertises that every roll of toilet paper has at 
least 250 sheets.  The probability that there are 250 or 
more sheets in the toilet paper is given by :

a) Use Richardson’s rule to find the probability that there are 250 or 
more sheets.  Use the 2-segment and 4-segment Trapezoidal 
rule results given in Table 1.

b) Find the true error,      for part (a).
c) Find the absolute relative true error,      for part (a).
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Approximating the above integral as
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Solution

a)  

Using Richardson’s extrapolation formula 
for Trapezoidal rule

26861.02 =I 21814.04 =I
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26861.021814.021814.0 −
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20132.0=
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Solution (cont.)

b)
The exact value of the above integral cannot be found.  We assume 
the value obtained by adaptive numerical integration using Maple as
the exact value for calculating the true error and relative true error. 

ValueeApproximatValueTrueEt −=
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97377.0=

20132.097377.0 −=

77245.0=
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Solution (cont.)

.

c) The absolute relative true error t∈ would then be 

Table 2 shows the Richardson’s extrapolation 
results using 1, 2, 4, 8 segments.  Results are 
compared with those of Trapezoidal rule.

100
Value True
Error True

×=∈t 100
97377.0
77245.0

×= %326.79=
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.

Solution (cont.)
Table 2: The values obtained using Richardson’s 
extrapolation formula for Trapezoidal rule for

Table 2: Richardson’s Extrapolation Values

∫ −−=≥
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)2.252(3881.0 2
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t∈t∈

--
81.609
79.326
23.664

--
0.17908
0.20132
1.2042

44.832
72.416
77.598
1.6525

0.53721
0.26861
0.21814
0.95767

1
2
4
8

for Richardson’s 
Extrapolation

Richardson’s 
Extrapolation

for Trapezoidal 
Rule

Trapezoidal 
Rule

n
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Romberg Integration
Romberg integration is same as Richardson’s 
extrapolation formula as given previously.  However, 
Romberg used a recursive algorithm for the 
extrapolation.  Recall 

3
2

2
nn

n
II

ITV
−

+≅

This can alternately be written as
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Note that the variable TV is replaced by           as the 
value obtained using Richardson’s extrapolation formula.  
Note also that the sign     is replaced by = sign.

( )RnI 2

≅

Romberg Integration

Hence the estimate of the true value now is

( ) 4
2 ChITV Rn +≅

Where Ch4 is an approximation of the true error. 
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Romberg Integration

Determine another integral value with further halving 
the step size (doubling the number of segments),
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It follows from the two previous expressions 
that the true value TV can be written as
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Romberg Integration
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The index k represents the order of extrapolation. 
k=1 represents the values obtained from the regular 
Trapezoidal rule, k=2 represents values obtained using the 
true estimate as O(h2). The index j represents the more and 
less accurate estimate of the integral. 

A general expression for Romberg integration can be 
written as 
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Example 2

A company advertises that every roll of toilet paper has at 
least 250 sheets.  The probability that there are 250 or more 
sheets in the toilet paper is given by

∫
∞ −−=≥
250

)2.252(3881.0 2
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Approximating the above integral as
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Use Romberg’s rule to find the probability.  Use the 1, 2, 4, and
8-segment Trapezoidal rule results as given.
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Solution
From Table 1, the needed values from original 
Trapezoidal rule are

where the above four values correspond to using 1, 2, 
4 and 8 segment Trapezoidal rule, respectively.  

53721.01,1 =I 26861.02,1 =I

21814.03,1 =I 95767.04,1 =I
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Solution (cont.)

To get the first order extrapolation values,
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Similarly,

3
53721.026861.026861.0 −
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17908.0=
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21814.095767.095767.0 −
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2042.1=
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Solution (cont.)

For the second order extrapolation values,

Similarly,

15
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15
2,23,2

3,22,3

II
II

−
+=

15
20132.02042.12042.1 −

+=

2711.1=
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Solution (cont.)

For the third order extrapolation values,

Table 3 shows these increased correct values in a tree 
graph. 

63
1,32,3

2,31,4
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20280.02711.12711.1 −
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2881.1=
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Solution (cont.)

Table 3: Improved estimates of the integral value using Romberg Integration

1-segment

2-segment

4-segment

8-segment

0.53721

0.26861

0.21814

0.95767

0.17908

0.20132

1.2042

0.20280

1.2711

1.2881

1st Order 2nd Order 3rd Order


