Chapter 07.02
Trapezoidal Rule of Integration

After reading this chapter, you should be able to:

derive the trapezoidal rule of integration,

use the trapezoidal rule of integration to solve problems,

derive the multiple-segment trapezoidal rule of integration,

use the multiple-segment trapezoidal rule of integration to solve problems, and
derive the formula for the true error in the multiple-segment trapezoidal rule of
integration.
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What is integration?

Integration is the process of measuring the area under a function plotted on a graph. Why
would we want to integrate a function? Among the most common examples are finding the
velocity of a body from an acceleration function, and displacement of a body from a velocity
function. Throughout many engineering fields, there are (what sometimes seems like)
countless applications for integral calculus. You can read about some of these applications in
Chapters 07.00A-07.00G.

Sometimes, the evaluation of expressions involving these integrals can become daunting, if
not indeterminate. For this reason, a wide variety of numerical methods has been developed
to simplify the integral.

Here, we will discuss the trapezoidal rule of approximating integrals of the form
b

I =I f (x)dx

where
f (x) is called the integrand,

a = lower limit of integration
b = upper limit of integration
What is the trapezoidal rule?

The trapezoidal rule is based on the Newton-Cotes formula that if one approximates the
integrand by an n™ order polynomial, then the integral of the function is approximated by



Chapter 07.02

the integral of that n™ order polynomial. Integrating polynomials is simple and is based on
the calculus formula.

Yo [ )

Figure 1 Integration of a function

b n+l — n+l

jx”dx=(b—a} n=-1 (1)

. n+1
So if we want to approximate the integral

b

= [ f(x)dx ()
to find the value of the above integral, one assumes

f(x) = f,(x) 3)
where

f.(x)=a,+aX+..+a, X" +a,x". (4)

where f (x) is a n"™ order polynomial. The trapezoidal rule assumes n=1, that is,
approximating the integral by a linear polynomial (straight line),

.T f(x)dx =~ j. f, (x)dx

Derivation of the Trapezoidal Rule

Method 1: Derived from Calculus

i f(x)dx ~ _T f, (x)dx

D e T

(a, +a,x)dx

=ao(b—a)+a1£b2 ;azj 5)
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But what is a, and a,? Now if one chooses, (a, f(a)) and (b, f (b)) as the two points to
approximate f(x) by a straight line from a to b,

f(a)=f,(a)=a,+aa (6)
f(b) = f,(b) =a, +ab (7)

Solving the above two equations for a, and a,,

_f)-f(a)
' b-a
f(a)b— f(b)a
e -
Hence from Equation (5),
b _ _ 2 42
jf(X)dXz f(a)b f(b)a(b—a)+ f(b)—f(a)b”-a (8b)
A b-—a b-a 2
f(a)+ f(b
- 110 ©
2
Method 2: Also Derived from Calculus
f,(x) can also be approximated by using Newton’s divided difference polynomial as
f,00= T+ 0 (x-a) (10)

Hence

T f(x)dx ~ j‘ f, (x)dx

- Hf(a)+w(x—a)}dx

v =ty

— f(a)b— f(a)a+(M (——ab——+aj
b-a 2

=f(a)b—f(a)a+[M (b——ab+—j
b-a 2

o f(b)— f(a))1

= f(a)b f(a)a+(—b—a 2( a)’

= f(a)b— f(a)a+%(f(b)— f(a))b-a)
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1 1 1 1

= f(a)b~ f(a)a+ f(b)p~2 F(b)a— f(ap+ f(a)a
1 1 1 1

= f@b-J f@a+ O~ f(b)a

=(b- a){w} (11)

This gives the same result as Equation (10) because they are just different forms of writing
the same polynomial.

Method 3: Derived from Geometry
The trapezoidal rule can also be derived from geometry. Look at Figure 2. The area under
the curve f,(x) is the area of a trapezoid. The integral

b
j f (x)dx ~ Area of trapezoid

= %(Sum of length of parallel sides)(Perpendicular distance between parallel sides)

= (O + T @)o-2)

=(b- a)[w} (12)
y ] j:f,(x)dx i)

Figure 2 Geometric representation of trapezoidal rule.

Method 4: Derived from Method of Coefficients
The trapezoidal rule can also be derived by the method of coefficients. The formula

if(x)dXzb_af(a)+b_—af(b) (13)
) 2 2
:Zzlcif(xi)

where

b-a
Cl:T
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c _b-a
.
X, =a
X, =b
¥ ftx)

Area ¢ fia)

Areac fib)

Figure 3 Area by method of coefficients.

The interpretation is that f(x) is evaluated at points a and b, and each function evaluation
is given a weight of b—Ta. Geometrically, Equation (12) is looked at as the area of a

trapezoid, while Equation (13) is viewed as the sum of the area of two rectangles, as shown
in Figure 3. How can one derive the trapezoidal rule by the method of coefficients?

Assume

[ f0)dx=c, f(a)+c,f(b) (14)

b b
Let the right hand side be an exact expression for integrals of Ildx and dex, that is, the

formula will then also be exact for linear combinations of f(x) =1 and f(x) = x, that is, for
f(x)=a,1)+a,(x).

b
J1dx=b-a=c, +c, (15)
b 2 a2
dex: b” —a =c,a+c,b (16)
Solving the above two equations gives
_b-a
o2
b-a

C, = 5 (17)



b-a b-a
5 f(a)+Tf(b)

if(x)dx ~

Method 5: Another approach on the Method of Coefficients
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(18)

The trapezoidal rule can also be derived by the method of coefficients by another approach

b

p —a b-a
! f(dx === (@)+=—= ()
Assume

j f (x)dx =c, f (a) +¢, f (b)

Let the right hand side be exact for integrals of the form
b

I(ao +a,X)dx

a
So

b X2 b

j(ao +a,X)dx :(a0x+al —J

a 2 a

2 2
=a0(b—a)+al[b —4 J
2

But we want

i(a0 +a,x)dx =c, f(a)+c, f(b)

a

to give the same result as Equation (20) for f(x) =a, +a,x.

b
J‘(a0 +a,x)dx = c,(a, +a,a)+c,(a, +a,b)
=a,(c, +¢,)+a,(c,a+c,b)
Hence from Equations (20) and (22),

b? —a?
ao(b—a)+al[ , J:ao(cl+c2)+a1(c1a+c2b)

Since a, and a, are arbitrary for a general straight line
c,+C,=b-a
b*-a’

ca+c,b=

Again, solving the above two equations (23) gives

b-a
C,=—r

(19)

(20)

(21)

(22)

(23)

(24)
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Therefore
b
j f(x)dx ~ ¢, f(a)+c, f (b)

:b__af(a)er__af(b) (25)
2 2
Example 1
A company advertises that every roll of toilet paper has at least 250 sheets. The probability
that there are 250 or more sheets in the toilet paper is given by

P(y > 250) = .[2200_3515 o ~0.3881(y-2522)° dy
Approximating the above integral as
P(y > 250) = J'2257000.3515 e—0.3881(y—252.2)2 dy

a) Use single segment Trapezoidal rule to find the probability that there are 250 or more
sheets.
b) Find the true error, E,, for part (a).

c) Find the absolute relative true error for part (a).

Solution

a) | =~ (b- a){w} , Where
a =250
b =270

f (y) = 0.3515¢ 03eeily-2522]
f (250) — 0_3515e—0.3881(250—252.2)2
=0.053721
f (270) — (0,357 50 0-3881(270-2522)
=1.3888x10>
0.053721+1.3888x10~* }

| ~(270 - 250){
2

~ 0.53721

b) The exact value of the above integral cannot be found. For calculating the true error and
relative true error, we assume the value obtained by adaptive numerical integration using
Maple as the exact value.

P(y > 250) = [ 0.3515 ¢ 0102522 gy

=0.97377
so the true error is

E, = True Value — Approximate Value

=0.97377 -0.53721
=0.43656
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c) The absolute relative true error, |e,|, would then be

|€t| _ | True Error %100 %
True Value

_|0.97377 - 0.53721]
097377 |
=44.832%

x100 %

Multiple-Segment Trapezoidal Rule

In Example 1, the true error using a single segment trapezoidal rule was large. We can
divide the interval [8,30] into [8,19] and [19,30] intervals and apply the trapezoidal rule over
each segment.

f(t) = 2000In(

140000\ oo
140000 — 2100t

T f (t)dt =1j9 f (t)dt +3j0 f (t)dt

~a9-9) O TN, (30.19) 1092 1CD)

f(8) =177.27 m/s

140000
140000 —2100(19)
f(30) =901.67 m/s

f (19) = 2000 |n( J —9.8(19) = 484.75 m/s

Hence

30
I £ ()dt ~ (19 _8){177.27 + 484.75}
8

4 (30 _19)[484.75 + 901.67}

2
=11266 m
The true error, E, is
E, =11061-11266

=-205m
The true error now is reduced from 807 m to 205m. Extending this procedure to dividing
[a,b] into n equal segments and applying the trapezoidal rule over each segment, the sum of

the results obtained for each segment is the approximate value of the integral.
Divide (b—a) into n equal segments as shown in Figure 4. Then the width of each segment

h=—12 (26)

The integral 1 can be broken into h integrals as
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b
j f (x)dx
Z a+2h a+(n-1)h
= j f (x)dx + j f (X)X + ... + j f (x)dx + j f (x)dx (27)
a a+h a+(n-2)h a+(n-1)h
y fix)

Figure 4 Multiple (n = 4) segment trapezoidal rule

Applying trapezoidal rule Equation (27) on each segment gives

if(x)olx=[(a+h)—a{f("")+ f(‘”h)}

2

+[(a+2h)_(a+h){f(a+h)+ f(a+2h)}

2

Foeeeee, +[(a+(n—1)h)—(a+(n—2)h){ >

+[b—(a+(n—1)h){f(a+(n _Zl)h“ f(b)}

:h{f(a)+ f(a+h)} +h{f(a+h)+ f(a+2h)} N

f(a+(n—2)h)+ f(a+(n—1)h)}

2 2
+h[f(a+(n—2)h);r f(a+(n—1)h)}+h[f(a+(n—21)h)+ f(b)}
:h{f(a)+2f(a+h)+2f(a+2h)+...+2f(a+(n—1)h)+ f(b)}

2

:E[f(a)m{i f(a+ih)}+ f(b)}

b2 8 { f(a)+ 2{2 f(a+ m)}+ f(b)} (28)
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Example 2

A company advertises that every roll of toilet paper has at least 250 sheets. The probability
that there are 250 or more sheets in the toilet paper is given by

P(y>250) = [ 03515 e *0-222dy
Approximating the above integral as
P(y>250) = [ 0.3515 e 00 222 gy
a) Use single segment Trapezoidal rule to find the probability that there are 250 or more

sheets.
b) Find the true error, E, for part (a).

c) Find the absolute relative true error for part (a).
Solution

a) = b2 a[f(a)+2{2f(a+|h)}+f(b)}

1

=10
f (y) = 0_3515e—0.3881(y_252.2)2

zw{f(%o% 2{2 f(as ih)}+ f(270)}

2(2) E
240 [f(250)+ 2 (250 +1x10) + f (270)]

240 [f(250)+2f(260)+ f(270)]

~ 2740[0.05372“ 2(1.9560 10 )+1.3888 x 10~

~ 0.26861
Since

f (250) — (.35 5e 0-3881(250-252.2
=0.05372

f (270) = O.3515e70.3881(270—252_2)2
=1.3888x10"*

f (260) = 0.3515e*0-3881(260—252_2)
=1.9560x10™

2
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b) The exact value of the above integral cannot be found. For calculating the true error and
relative true error, we assume the value obtained by adaptive numerical integration using
Maple as the exact value.

P(y > 250) = [ 0.3515 e 010222 gy

=0.97377
so the true error is
E, = True Value — Approximate Value

=0.97377-0.26861
=0.70516

c) The absolute relative true error, |e,|, would then be
True Error
True Value
_0.97377 - 0.26861|

- 097377 |
= 72.416%

%100 %

|€t|:

%100 %

Table 1 Values obtained using multiple-segment Trapezoidal rule for
P(y > 250) = [ 0.3515 e o0 222 gy

n Value E, |€t|% |€a|%
1 0.53721 0.43656 44,832

2 0.26861 0.70516 72.416 99.999
3 0.18009 0.79368 81.506 49.153
4 0.21815 0.75562 77.598 17.447
5 0.50728 0.46648 47.905 56.997
6 0.80177 0.17200 17.663 36.729
7 0.93439 0.039381 4.0442 14.193
8 0.95768 0.016092 1.6525 2.4317

Error in Multiple-segment Trapezoidal Rule
The true error for a single segment Trapezoidal rule is given by

(b-a)’ ..
t 12 f"(g), a<g<b
Where ¢ is some point in [a,b].
What is the error then in the multiple-segment trapezoidal rule? It will be simply the sum of
the errors from each segment, where the error in each segment is that of the single segment
trapezoidal rule. The error in each segment is
[(@a+h)-af

B, =- (&), a<gi<ath




Chapter 07.02

h .
:_Ef (¢1)
[(@a+2h)-(a+h)f

E,=- 5 f"({,), a+h<{d,<a+2h

h® ..
-5 18

'_ [a+ih)-@+@i-nh)f
L 12

E f"(&), a+(i-Dh<, <a+ih

_ [{a+(n—1)h}12{a+(n —Z)h}]3 f"(£. ), a+(n-2)h<¢  <a+(n-1h

m
\
Il

h® .
=15 1)

g - lb-fa+r(-Dhjf (2., a+(n-Dh<<, <b

Hence the total error in the multiple-segment trapezoidal rule is

E =YE
i=1

h® "
=5, 21"
e

_(b_a)S Z f"(é/i)

i=1
12n? n
> ()
i=1
n
derivative f"(x), a<x<b.
Hence

The term is an approximate average value of the second
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n

(b_a)S ; f (gl)

E =- 2
12n n
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